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Abstract

Regularization schemes for regression have been widely studied in learning theory and
inverse problems. In this paper, we study regularized distribution regression (DR) which
involves two stages of sampling, and aims at regressing from probability measures to real-valued
responses by regularization over a reproducing kernel Hilbert space (RKHS). Many important
tasks in statistical learning and inverse problems can be treated in this framework. Examples
include multi-instance learning and point estimation for problems without analytical solutions.
Recently, theoretical analysis on DR has been carried out via kernel ridge regression and several
interesting learning behaviors have been observed. However, the topic has not been explored
and understood beyond the least squares based DR. By introducing a robust loss function
Il for two-stage sampling problems, we present a novel robust distribution regression (RDR)
scheme. With a windowing function V and a scaling parameter ¢ which can be appropriately
chosen, [, can include a wide range of commonly used loss functions that enrich the theme of
DR. Moreover, the loss [, is not necessarily convex, which enlarges the regression class (least
squares) in the literature of DR. Learning rates in different regularity ranges of the regression
function are comprehensively studied and derived via integral operator techniques. The scaling
parameter o is shown to be crucial in providing robustness and satisfactory learning rates of
RDR.

Keywords: learning theory, distribution regression, robust regression, integral operator, learn-
ing rate

1 Introduction

Data from many practical applications often appear in forms of functionals or matrices. Such types
of data impose difficulty in applying classical regression methods used for dealing with vector-valued
data. Hence, developing suitable regression schemes for solving the corresponding problems becomes
desirable. Recently, distribution regression (DR) was introduced to handle complicated data from



some Banach spaces ([28, 30, 31, 32, 12]). Many important tasks in machine learning, statistics,
and inverse problems can be analysed in the framework of DR. One example is the multi-instance
learning problem ([8, 29]) in which each instance is generated from a probability distribution in
an independent identically distributed manner. In statistics, some tasks might be stated as point
estimation problems for probability distributions without analytical expressions ([31]).

In DR, the input data are (probability) distributions on a compact metric space X. In the first

stage, we have a data set D = {(z;, yz)}‘zi‘l C X x Y, in which |D| is the cardinality of D and each
pair (x;,y;) is i.i.d. sampled from a meta distribution over X x Y, X is the input space of probability
distributions on X, and Y = R is the output space equipped with the standard Euclidean metric.
Generally, the distributions {z;} cannot be observed directly. On the way of learning the regressor
from X to Y, we can observe a second-stage sample drawn from the probability measures. This is

done in the second stage of DR where the samples in the sample set D= {({:17173}?:1, yz)}iill are

obtained by drawing a sample {xi7s}g;1 C X according to the probability distribution z; on X.
We borrow an example on medical applications of DR from [31] to illustrate ideas of the above
two-stage sampling. Here, the set X is treated as a pool of patients identified with a set of probability

distributions on X = [0,1]. The ith patient z; in the sample set {z,}g‘l can be periodically assessed
by blood tests {z;}% , which are made at moments {j/di}?;l. Then {z; ,}% | is exactly the

second stage sample set associated with x;, and {yl}‘lg‘1 are the values of some health indicator
of the patients. The goal of DR is to learn a mapping from the set of blood tests to the health
indicator values by observations on a group of patients. From the perspective of learning, we hope
that by observing a large number of patients and making enough tests (with large d;), the learned
mapping can be precise enough.

The work in this paper is based on a kernel mean embedding ridge regression method for DR
([2]). Let (Hk, || |lx) be a reproducing kernel Hilbert space (RKHS) with the associated reproducing
kernel £ : X x X — R. Let (X, F) be a measurable space with F being a Borel g-algebra on
X. Denote the set of Borel probability measures on (X, F) by M;(F). Then the kernel mean
embedding of a distribution z € M1 (F) to an element p, of RKHS H, is given by

,ua::/ k(?ﬁ)dx<n)

X

Via the kernel mean embedding, kernel methods for handling vector-valued data can be extended
to those with values of probability distributions. The kernel mean embedding transformation
x — pg is injective when k is a characteristic kernel ([18, 12]). The injectivity is shown to
be useful in statistical applications (e.g. [13, 19]). Denote the set of the mean embeddings by
X, = {uz : x € My(F)} € Hjy. Then the mean embeddings of D to X, can be represented by

D = {(tar, yi) Y121

Let p be a probability measure on the product space Z = X, x Y. The aim of DR is to predict the
conditional mean for given X, by learning the regression function f, : X, — Y defined by

foliia) = /Y ydolie),  pa € Xy

where p(-|p) is the conditional probability measure of p at p, € X,. Note that f, is just the
minimizer of the least squares generalization error

E(f) = /Z(f(uz) —y)2dp.



Generally, the measure p is unknown, and learning f, is carried out in a non-parametric setting
by implementing some learning algorithms over the sample D obtained in a one-stage sampling
process. In DR, the first stage sample {xz} 1 of probability distributions is still unobservable.
Instead, each probability distribution x; is approximately available via a second stage random
sample {{L‘iys}gizl C X. So the goal of DR is to learn the regression function f, from the sample
[D]

D { {xlS}s 17y1)}

obtained in a two-stage sampling process. We study a kernel-based method for DR. Consider a
reproducing kernel Hilbert space (Hx, || - || x) associated with a Mercer kernel K : X, x X, = R.
As an extension of the classical kernel ridge regression scheme [1, 3, 6, 20, 33, 34, 35, 37], the
regularized least squares DR scheme takes a Tikhonov regularization form [1, 12, 31] as

|D|
ls 1

l5, = arg min {|D| > (70 —yi)2+xufu;}, (1.1)

in which Z; = % Z‘Zzl 0z, , serves as the empirical distribution determined by the observable set

D= {{wi ey m}?,

1 d;
Ka; = CTZ xzs

is the corresponding kernel mean embedding, and A > 0 is a regularization parameter. The least
squares minimization problem (1.1) can be regarded ([1, 9]) as a Tikhonov regularization solution

to an ill-posed inverse problem with noisy data D= { {z;, S}S 1> Yi) }‘D‘
In this paper, we investigate a more general framework of two-stage distribution regression by
considering a novel regularized robust DR (RDR) scheme

2 1D ) — il
= ane i { 5 >ov (L= Ey o . (12)
=1

where V : Ry — R is a windowing function and ¢ > 0 is a scaling parameter. The algorithm can
also be written in the form

|D|
f3., =arg mln {|D| Zl (na.) = yi) + S 1%}

with a loss function I, : R — R given by I, (u) = UzV(g—z). It can be witnessed that, in regression
strategy (1.2), to enhance robustness of DR, we have replaced the least squares loss by a more
general robust alternative generated by the windowing function V and scaling parameter o. By
selecting appropriate windowing function V' and scaling parameter o, the loss function yields a wide
range of important RDR classes, which is new in the literature of DR. For example, Welsch loss
ly(u) = o? [1 —exp(—%)] has been shown to be powerful in various settings with one-stage sampling
such as signal processing, data clustering, pattern recognition, and non-parameter regression. From
a perspective of information-theoretic learning, Welsch loss can be induced by the well-known
correntropy loss, which was first introduced in [26] based on entropies. The correntropy between
two scaler random variables U and V is defined as EK, (U, V) with K, a Gaussian kernel given
by K, (u,v) = exp{—(u — v)?/c?} with the scaler ¢ > 0. Entropy-based losses mainly include the
loss induced by maximum correntropy criterion [14] and that by minimum error entropy criterion



[24, 39]. In addition, the range of I, also includes many commonly used loss functions such as
the Huber loss [17] and pinball loss [36]. Recall that the traditional least squares DR scheme
is the most popular DR method in the literature. It relies only on the mean squared error and
belongs to the second-order statistics. Also recall that the least squares regression is optimal for
Gaussian noise but suboptimal for non-Gaussian noise. In practice, samples are often contaminated
by non-Gaussian noise or outliers. Moreover, least squares estimators for regression models are
highly sensitive to outliers, and when the noise is not Gaussian, they often have poor performances.
Unfortunately, in the existing literature of two-stage DR, approaches and theoretical studies are still
limited to the least squares scheme, no other mainstream regression methods have been proposed in
non-Gaussian settings yet. These facts motivate us to consider the proposed RDR scheme in (1.2)
to fill the gap when tackling two-stage DR. Because of the robustness to non-Gaussian noise or
outliers, the proposed RDR is expected to be applicable in practice. Some numerical experiments
are conducted in Section ?777.

The goal of this paper is to investigate RDR in a framework of learning theory. To derive learning
rates of the estimator f¢ . when approximating f, and investigate the related robustness, we use a

DA
kernel based integral operator technique as a main tool. Via kernel mean embedding, we learn the
regression function f, with algorithm (1.2) from the given training sample D= {({zi; }?i:l, yl)}li‘l

with {x; 1,2 2,...,%;4; } drawn independently from x;. Novel theoretical results on robust estimator

57 , are derived. Note that, in the proposed RDR, the loss function [, may involve non-convex
functions (e.g. Welsch loss), hence the theoretical study on RDR is essentially different from those
on existing DR methods.

We summarize our main contributions of the work as follows.

e We propose a novel RDR method for two-stage sampling DR. Learning theory analysis is
carried out for the estimator f]% N given by (1.2). Novel error bounds are derived with integral
operator techniques. With the introduction of the flexibly chosen windowing function V' and
scaling parameter o that leads to a wide range of commonly used robust losses, the existing
analysis and algorithms in the literature of DR (least squares) have been largely improved.

e The learning behaviors of RDR are comprehensively explored for regularity index r (introduced
below) in the whole range of (0,00). Accordingly, satisfactory convergence rates in terms of
the sample size |D| are derived. We also show that the optimal mini-max learning rates can
be achieved by RDR under appropriate conditions.

e The significance of ¢ in providing robustness and fast learning rates of RDR are shown in our
analysis and main results.

2 Main Results

We assume throughout the paper that there exists a constant M > 0 such that |y| < M almost
surely, and k and K are bounded Mercer (symmetric, continuous, positive semidefinite) kernels
with bounds Bj, and Bg:

By, = sup k(v,v) < 00, Bg = sup K(fiy, py) < 00. (2.1)
veX pu€Xp

Denote the Banach space of bounded linear operators from space Y = R to Hx by L(Y, Hk).
Set K,,, = K(pz,-) for p, € X,,. We treat K,,, as an element of L(Y, Hx) by defining the linear
mapping

Ky, (y) =yKy,, yeY



The mapping K.y : X, — L(Y,H k) is assumed to be («, L)-Holder continuous for some a € (0, 1]
and L > 0 in the sense that

||K z Kﬂy

|£(Y,HK) < LHN’I - IU‘YJHZ’ V(um,,uy) € X# x Xﬂ' (22)

According to [31], the set X, of mean embeddings is a separable compact set of continuous functions
on X. Denote the marginal distribution of p on X, by px,. Let L%X be the Hilbert space of
"

square-integrable functions on X, with norm || - || Lz given by
"

1/2
s, =000 = ([ Voo, )

n

Define an integral operator Lg on sz associated with the Mercer kernel K : X,, x X,, =+ R by
u

LK(f):/X Ky, f(ua)dpx,,  feL?, . (2.3)

Since the set X, is compact and K is a Mercer kernel, L is a positive compact operator on L?,X .
n

Then for any r > 0, its r-th power L}, is well defined according to the spectral theorem in functional
calculus.
Throughout the paper, we assume a regularity condition for the regression function f, as

fp = L% (g,) for some g, € L/%xu and r > 0. (2.4)

The assumption means that the regression function lies in the range of operator L. The special
case r = 1/2 corresponds to f, € Hi. According to [11], the operator L}(/2 c Hix — Hy is
an isomorphism, in which H g denotes the closure of Hx in L%X . Namely, for any f € Hg,
w
1/2 1/2
L’f € Hi and | flls = LI Fllxc
N

We use the effective dimension N'(\) to measure the capacity of Hx with respect to the measure
px, which is defined to be the trace of the operator (Al + Lx) 'Lk, that is,

NN = Tr((M + Lg) ' Lg), A>0.

For the effective dimension N (), we need a capacity condition which focuses on rates of increment
of N(\) and is stated for some § € (0,1] and Cy > 0 as

N <CA P, YA>0. (2.5)

Throughout the paper, we assume that the sample D = {(,%,yl)}‘lg‘l is drawn independently
according to the Borel probability measure p, and {xi75}§i:1 is drawn independently according
to the probability distribution x; for i = 1,2,...,|D|. The windowing function V' : Ry — R is
assumed to be differentiable with V| (0) = 1 (w.l.o.g. by scaling) but not necessarily convex. It is
assumed that there exist some p > 0 and ¢, > 0 such that

V' (s) = VI(0)] < ¢ps?, Vs > 0, (2.6)
and
Cy = sup [V'(s)] < oo with V'(s) > 0 for s > 0. (2.7)
s€(0,00)



These assumptions are satisfied by the windowing functions for many classical loss functions I, (s) =
O’QV(%) including Welsch loss: I, (s) = o?[1 — exp(—%)], Cauchy loss: 1,(s) = 02 log(1 + %),
and Fair loss: I, (s) = o2 [I%\ —log(1 + t—‘)} Such loss functions are well studied in the literature of
robust regression dealing with vector-valued data. They are proposed here in the DR setting to
improve the robustness to non-Gaussian noise and outliers when dealing with distribution-valued
data. It can be witnessed that the Welsch loss and Cauchy loss are non-convex but satisfy the
so-called redescending property meaning that the derivative I/ (s) increases near the origin but
decreases to 0 when s is far away from the origin.

‘ Our first main result, to be proved in Section 4, describes explicit learning rates for the error

parameter o. The expectations are taken with respect to D and D.

. —f of RDR in terms of the sample size |D| of the data sets D, D, and robust scaling
D,)\ P L2
PX“

Theorem 1. Suppose that the regularity condition (2.4) holds for some r > 0 and |y| < M almost
surely. Assume the capacity condition (2.5) for some 8 € (0, 1], smoothness conditions (2.6), (2.7)
with p > 0, and that the mapping K.y : X, — L(Y,Hk) is (o, L)-Hélder continuous for some o €
(0,1] and L > 0. If the sample size in the second stage sampling satisfies dy = dy = --- = d|p| = d,
then by choosing

|D|"™7,  whenr € (0,1/2),
A = < |D|"F, whenr € [1/2,1], (2.8)
|D|_ﬁ, when r € (1,00),

and
|D|a(12+ﬂ)7 when r € (0,1/2),
142r
d = { |D[ae, whenr € [1/2,1], (2.9)
|D|é(ﬁ)7 when r € (1,00),
we have
O(max{\D\_liﬂ, ‘DJ;TB }), when r € (0,1/2),
p+T
B35 = follss } = O(max{|p] = P L) whenr € [1/2,1],  (2:10)
I p+1

O(max{\D\_ﬁ,‘Da‘%?}), when 1 € (1, 00).

Learning rates for DR provided in the existing literature are those for least squares DR schemes
in [31, 12, 27]. Reference [31] is the first work presenting learning rates for the least squares
ls

regressor f defined in (1.1). It derived optimal learning rates under the regularity condition

(2.4) with r € (1/2,1] and suboptimal rate with » = 1/2. The suboptimal rate in the case r = 1/2
was improved to the optimal one in [12] via a novel integral operator method that is based on a
second order decomposition technique for inverses of operators in Banach spaces [20]. Reference [27]
proposes a kernel based stochastic gradient method in a DR setting where mini-batching is used for
selection of data points in each iteration. In Theorem 1, we provide learning rates for any value of
the regularity index r in the whole range (0, 00), in contrast to [31, 12] that carried out analysis
only for r € [1/2,1]. Hence, the analysis for DR has been enriched. Moreover, in the explicit bounds
of Theorem 1, the participation of the scaling parameter o introduced for the windowing function
V indicates differences of our work from the aforementioned results. One difference is that RDR



possesses a flexibility in selecting o for robustness, in contrast to the current DR methods without
taking robustness into consideration.

There have been many studies on robust learning algorithms in different aspects. For example,
references [16] and [17] consider some robust empirical risk minimization schemes for regression.
Inspired by convex risk minimization over infinite-dimensional Hilbert spaces, robustness of support
vector machines is extensively investigated in [4, 5, 7, 37]. The maximum correntropy criterion
induced loss is considered in [14] for regression over compact hypothesis spaces. Modal regression
with robust kernels is studied in [15]. References [23, 10, 24, 39] investigate learning behaviors of
minimum error entropy algorithms. Based on gradient descent iterations, reference [21] presents an
efficient kernel based robust gradient descent algorithm for regression. Error analysis in these studies
is carried out with standard covering number arguments for data obtained from one-stage sampling.
In contrast to these works, under the capacity assumption on the effective dimension A/(\), we
derive error bounds and learning rates with integral operator techniques. For the purpose of dealing
with samples of probability distributions, we develop a robust regression method for DR with
data obtained from two-stage sampling and provide some analysis for selecting the regularization
parameter A and the second stage sample size d.

The following corollary is a direct consequence of Theorem 1. It shows that the RDR has nice
learning performances when the scaling parameter ¢ is chosen to be large enough.

Corollary 1. Under the same assumption of Theorem 1, if the scaling parameter o is chosen as

ptl+tr
|D|2»0+5,  when r € (0,1/2),
o > |D|Z0r 5, when r € [1/2,1], (2.11)

+1+4
|D|%7 when r € (1,00),
then we have

o \D|7ﬁ), when r € (0,1/2),
E Hfg,)\ifPHL%X :| = o ‘Dl_ﬁ)a when r € [1/271}7 (212)
(@] \D|_ﬁ), when r € (1,00).

When the regularity index r lies in the lower regularity range (0,1/2), the regression function f,
does not belong to Hx in general. The learning rates of order O(|D|~ T#7 ) provided in Corollary 1
for this range are sub-optimal. In the setting of regression with one-stage sampling, optimal rates
O(|D|~ 77 ) have been achieved by some learning algorithms such as point kernel-based regression
[38] and semi-supervised distributed learning [3], but not by any robust regression methods. It
would be interesting to improve the learning rates for the proposed RDR scheme when 7 € (0,1/2).
When 7 € [1/2,1], the learning rates of order O(|D|~2#7 ) in Corollary 1 become optimal. However,
when the regularity index r exceeds 1, the learning rates in Corollary 1 remain the same order and
the higher regularity does not help. This is the well-known saturation phenomenon in kernel based
learning (e.g. [20]). It would be interesting to overcome the saturation phenomenon by developing
some novel methods for the proposed regularized RDR.

The role of a large scaling parameter ¢ in learning performances of minimum error entropy
algorithms with one-stage sampling was analyzed in [23]. Corollary 1 shows the same role of large
o but is demonstrated for RDR with two-stage sampling.

In a framework of regularized regression, our second main result provides a novel quantitative
description on robustness of RDR by considering the expected error between the RDR estimator

g) N (in which the robustness is induced by the scaling parameter o) and the classical least squares
DR estimator fg) , (without robustness).



Theorem 2. Let the sample set D = {(um,yl)}lzgll be drawn independently according to probability
measure p. Let flﬁs/\ denote the classical least square DR estimator in (1.1). Suppose that the
sample size in the second stage sampling satisfies dy = dy = --- = d. Then for any given sample
size |D|, d and regularization parameter A > 0, there holds

_ (A L 1) (AEdS A%, + A B A p)a)

o Is | D], A |D|,

E HfD,A_fD,AHLgX <C
I

g . (2.13)

C is a constant independent of D, d, \, o and the explicit form will be given in the proof. A|D\,>\ 18

defined by A|D|’)\ = A‘\Dﬁ‘\’x + 1 in which Ajpjx = \/Qﬁ(\/l']‘;T + VN (N)).

When the sample size |D| and d are large enough, our last main result is a quantitative
description on the robust Lf)x -gap between RDR estimator fj% N and least square DR estimator
n )

ls
fD,,\'

Corollary 2. Under same conditions of Theorem 2, for any given reqularization parameter A > 0,

there holds
~ (AP D) 4 \=3)

m‘g‘jfﬁ Hfg,)\ - fg,)\HLgX =C ’ (2.14)

o2
where C' is a constant to be given explicitly in the proof of Theorem 2.

Recall that fg N generated by the introduction of the scaling parameter o that delivers the

robustness to the DR scheme. Since the classical least square DR estimator ]lff N does not possess

robustness, we know that, when the L2 . -distance between f7 | and g ,, gets smaller, there will
be less robustness of the RDR scheme induced by [,. In non;;arametrié regression problems, to
enhance the robustness of RDR, one may choose appropriately small ¢ for use. Actually, in practice,
for different purposes, the scaling parameter ¢ may be chosen to be large or small. This idea also
matches the work in [14] which handles maximum correntropy criterion. Their work also reveals
that too small o would influence the convergence of the regressor fg’ , to fp. Also, the small o case

has been interpreted as modal regression in [15]. From above analysis and recent works [14, 21, 25],
we know that, in practice, a moderate scaling parameter ¢ should be chosen appropriately to
balance robustness and convergence of RDR.

[10]

3 Key Analysis and Error Decompositions

In this section, we present the key analysis and error decompositions for RDR. We first introduce

the following robust regression scheme associated with the sample D = {(pt,, yl)}‘zi‘1 obtained from
the one-stage sampling

2 |DI 2
o . f x;) — Yi
fmargfrg}l&{fm;v([ ) 0 )+A||f\y;}. (3.1)

It plays the role of a stepping stone in in our analysis for learning with the two-stage sampling.
Then we need a data-free minimizer f) for the regularized least squares regression as

_ : o 2 2
fr=ars win {17~ fol; 4 A ) (3.2)



Now we can make a decomposition for the error fg N fo as

2 fo=(F5n—150) + (fBa— £) + (= ). (3.3)

The above error decomposition will be used to estimate the error norm H fg \ f,,|| ;2 inour
; X,

sampling operator approach. The last term can be easily estimated from the regularity condition
(2.4) as '
Ifx = follez, < lgollez, \min{r,1} (3.4)

by results [33] on the well-studied regularization scheme (3.2). The second term f7 y — fx reflects
the error caused by the robust regression scheme and will be bounded in terms of the scaling
parameter o. The first term fg T [p » reflects the error incurred by the second-stage sampling and

will be bounded in terms of the size d of the second-stage sample. This section includes statements
of the error bounds which will be proved in the appendix.

Let us introduce two sampling operators in our sampling operator approach for the two-stage
sampling process. The sampling operator Sp : Hx — RIP! corresponding to the first-stage sampling
is defined as

Spf=(fu )2, f €M,

and a scaled adjoint operator S7 : RIPI — M is given by

|D|
1
Sgc = ﬁ ZCiK’l’zi’ C = (C'L)‘Zg‘l S RlDl
i=1

The first stage empirical integral operator Lk p is then defined by

|D| |D|
L (f) = S5Sp(1) = gy 3 fus B, = 3 DB € P

The sampling operator Sp: Hix — RIPI corresponding to the second-stage sampling is given by

Spf = (flus )2 feHr,

with its scaled adjoint operator 5*17;) ‘RIPI 5 Hpe by STec = ﬁ Zl’i‘l ¢; Ky, . The corresponding

empirical integral operator L, p is then defined by

|D| |D|
A A 1 1
Lip(f) = 555p(f) = 15, D fpa) Ky, = ] Y (K, HkEKu,,  feHk  (35)
i=1 =1

The empirical integral operators Ly p and L, p can be used to represent f]% N and fp  as

follows. In the following, we denote the output vector by y = (yz)ﬂ

Lemma 1. Let f7 | and [} be defined by (1.2) and (3.1). Then

pa= A+ LK,D)_lggy M+ L) 'Ep,, (3.6)
and
fha=W+Ligp) 'Shy — (M + Lg,p) " Epo, (3.7)



where Eﬁ’)\’g and Ep . are quantities depending on the scaling parameter o given by

el [FE \(wa) = yil?

Bone = 1o 20 [V (P ) VO] U ) ks (@9
|D| o —_ 02

Epas = 3 [V(EA D) v )] () - 69)

For the second term of the error decomposition (3.3), we recall a representation of f\ found in
[33] as
=0 +Lg) "'Lgf, (3.10)

which implies fx = (M + Lx)~ 'Lk f,. Combining this with the representation (3.7) of f , in
Lemma 1, we have the following decomposition

foa—I=W+Lxp) 'Shy— M+ Lg) 'Lif, — (M + Lgp) 'Ep o
=+ Lgp) ' (SEy—Lif,) + M+ Lgp)™t — (M + Lg) |Lrf,— (M +Lk.p) 'Ep e

Applying the formula A=! — B! = A=Y(B — A)B~! for operator inverses to the operators
A=X+ Lk p,B =M+ Lg on Hg and using (3.10) yield the following representation

foa—I =M +Lxp) " {(Shy — Lxfo) + (Lx — Lr.p)fa} — (Al + Lg,p) "Ep o (3.11)

This expression allows us to estimate the error term [|f3 \ — fA||L%X by bounding STy —
m

Lk fp, Lk — Lk p and the quantity Ep ) ..

Proposition 1. Assume |y| < M almost surely. Under the smoothness condition (2.6) for V, we

have
o AD,)\ 2
Ellfpa—fillzg,, ] S Cpwovar(F22 +1) (Al + Apiallfali)
Alp|a Lo op i —(r+d)
+C 7l*q,c"/,JM( \/X + 1) ﬁo ()\ + 1)a
where
/ 1 N(N)

= -
PR Dy VD]
and Cyp .0 M 08 a constant independent of |D|,o or A.

For the first term of the error decomposition (3.3), we can combine the representations (3.6),
(3.7) for 1‘3)7 K fbH., with some estimates involving integral operators and the robust quantities
Ep o Ep o, and get the following bound.

Proposition 2. Suppose that the regularity condition (2.4) holds with r > 0, |y| < M almost
surely, and that the mapping K.y : X,, — L(Y,Hg) is (o, L)-Hélder continuous with o € (0,1] and
L > 0. Then we have

o o ~ 1 1 1 1 1 AID A
B 195~ Ballig, | < Ospr (5 +1) oo + Ao [ - 22
+AZ (b — DIl + Apac™P (A7) 4 A7) + ||fAK} + CAjp Ao~ (A 4 x7%),

where C' is a constant independent of |D|, d, and o.

10



Combining Propositions 1 and 2 with (3.4) and applying the triangle inequality to the error
decomposition (3.3), we obtain immediately the following theorem with a general error bound
without decaying restrictions on the effective dimension A/(A). The result is crucial in deriving our
learning rates.

Theorem 3. Suppose that the regularity condition (2.4) holds with r > 0 and |y| < M almost
surely. If the mapping K.y : X, — L(Y, Hk) is (o, L)-Hélder continuous with o € (0,1] and L > 0,
then we have

- 1 1 X X
]E[Hfm - fP||LgXM:| <Ciiss (/\dg + 1> (Afppx + Aipia)
. Al . " .
oy 22 By (Aot = DAL+ Aipiaa (8 £ 37 4

Ap|a
VA

A‘DL)\ 1 —2p/y—(p+3) min{r,1}
) e O ) gl AT,

4 Proofs of Main Results

N 2
+CApy Ao P\ £ 272 + Cp,n,Cv,M< + 1) (AIDL)\ + -A|D|,/\||f>\||K>

+C, ,H,Cv,]\/f(

We estimate the learning rates of RDR in this section. In the following, for convenience of analysis
on learning rates, we use the convention that Ap| < Bp| (Ap| = O(B|p|)) denotes that there exist
some constant C' > 0 independent of the cardinality |D|, d and o such that A;p| < C - B)p| for any
|D| for some functions A|p|, B|p| which may depend on |D|. Also, we use A|p| < 1 to denote that
there is a constant C' > 0 independent of |D|, d and o such that Ajp < C. We need to estimate
the right hand side of (??) in Theorem 3 in different regularity range of r when the regularization
parameter A and second stage sample size d take different orders of |D|, the cardinality of data set
D. According to Smale and Zhou [33]

T { lgallza, N3, re (0,1/2);
AME S "

4.1
“2T_1||9p||L§X , 1T €[l/2,00); (4.1)
"

this estimate will be used in the following in different regularity range of r. For convenience, we
denote the main terms of right hand side of (??) of Theorem 3 by

1 . A 1
T, DA = (/\CT%«‘HZDM +A\D\,)\)ma
Toipin = —rn (s + 1)( A%, + 4 )| A A0 4 4y sy — DI
2,|D|A = RYESYE |D|,A |D|,A | D]\ \& |D| XA DA MK

+A|D|,>\a*2p()f(17+%) _|_)\71) + ”f)\”K},

1 1 o o )
3aa G + 07 70T T A+ A,
Ta DA = A\D\,AU‘QP(A—(PH) + A2y,

. X A 1 _ C(ptl
Ts.iplx = AtpiaAlpa + Al s Aipiall Al + Ajppa - ol AP 4 1),

Ts,|D|A =

in{r,1
T6, D] A = ||gp||LgXu Amin{r1}

In the following, the goal is to estimate the main terms 7y |p|.x ~ Ts,p|,» for different regularity
range of r when A and d take different orders of |D|.
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4.1 Learning rates for r € (0,1/2)

When r € (0,1/2), (4.1) implies [|fallx < lgpllz A=z e (0,1/2). After taking A = |D|_T1/3,
n

d = |D| SR , the following basic estimates hold for r € (0,1/2):

1
\3d3

= |D|7%5 |D|"TF = |D|”mm

1
AdS
According to the condition N'(\) < CoA™?, B € (0, 1], we have

= |D|™ DI =1,

A 2K ( K
DN~ —F——
P /IDI\ VDN

Ap|a
v

Same procedure with above inequalities implies

+VN) < 26k + /o)D" ™7 5 D"

and

ADiA
VA

< 2k(k +/Co), Aipjx = +1<26(k+1/Co) + 1

Alpia
Al <|D|"T7 and “1DIA <14+/C
DA S DT Vo) 0-
Then, since .A|D| A2 S1and .A‘D| A — 1 <1, it follows that
1
Tigoia = (g Ao + Aipia) 1377 € 1D S DT (since r € (0,1/2)).

dz

Now turn to 73 p|,x- We spit Ty |pj,» into four parts and estimate them each other.

( 1 4 A 4 ATD\,A

— 1 __r_
W 1)(“4‘2D|,)\ + A‘D‘ﬁ)\)A‘QDl’)\ \/X 5 |D‘ 2(1+8) 5 |D| 1+8

. 1
(@) ASds

When A = |D|” ™5, d = |D|=059,

1 . N - ~ 1
+ D)(APp \ + Ao a) AT A (Appa = DIlANE S NPE

1
S D7 ||~ < | DT,

1
AT

1 1 . R L
(i) 3z (gE + DAy + Aol S D17
For the forth term,
. 1 . A A opy—(pt E _
() 375Gz + DA+ A A a7 FTE £ AT
p+3 1
<|D E).1.0*2P(|D|m+|D|m)

|L”ﬁ$|[”ﬂfHﬂ}<<L)ﬁ$
< .

p+1 1
< g2 1+5 | <
<o |D| +|D| < max o o pon
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Combining (i) ~ (iv), we obtain that

Pl
o |D| 1+5
T2,1p),x S max {|D‘ B f}
D, 2P
Then the same way with above (iv) implies
1 |D| %5
_ —2p(\—(p+%) -1\ 42 A H
Ts, 1|2 = NPT ()\d% + 1oAY + AT (Al A+ Aipia) S =T
For T4, p|,», it follows that

Taipia = Aipao (7O 4+ A7%) < o2 (|DJF + |DJT ) <
For 75 pj,x, since

o2p (

1
sincep+1> —

2)'

~ _ 1 __r
A\QD\,,\AiDM S |D| R S DT TR,

A~ A _ 1 —
Al AAipiallfallix < Afp A Aipiallgpllz, A2 S ID

1
2(1+8)

1 )
D™ S ||,

A|D|,>\ . —g—2p()\_(17+%) + 1) S U—2p(|D|% + |D|2(1‘£rBJ) <
it follows that

Ts. DI S HlaX{|D\_L‘3
Then, for g |p|,a,

DI

7?37‘D‘1>\ = ”gP”L?JXM )\min{T,l} — ||gp||L%XM |D|_7§ < |D|_m.
Finally, combining above estimates for 7q,|p|,x ~ 76, p|,x yields

p+1
__r_ |D|TE
E Hfg,)\ _prLﬁxJ = O(max{|D| 1+ﬂ’%}), r € (0,1/2).
4.2 Learning rates for r € [1/2,1]

substituting A and d, we have

1

When r € [1/2,1], (4.1) implies || fa]lx < H2T*1H9pHL§X , T € [1/2,1]. Before estimating the terms
"
e = |D| 7T,
Az2dz

1427
(??), when A = |D|727'£rﬁ, d = |D|=@r+5) | we derive the following basic estimates at first. After

L | pir by = e <1,
Use the condition N(\) < CoA™?, B € (0,1], it follows that

A 2k ( K n
P VIDI\VIDIA
and

NN) < 26(k + v/Co)| DI "7 | D557

Ap|a = ‘D‘A(m+\/m>+1§2n(m+ Co) + 1.
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In a same way with estimate of above A|p| x, A|p| x, we have

Al 1 VN
Al SIDI75% and 22 < + YV L

VA T DA D]
With above basic estimates, we can estimate main terms in (?7?) in Theorem 3 to derive the learning
rates of RDR when r € [1/2,1]. Since A|D| A S, A|D| A—1<1and '\Dﬁ\” < 1, it follows that

1 A 1 PR
7—17|D|,A - (Adi%A%D")‘ +A‘D‘7)\) 5 |D| 2748 ,

AzdS
Also,

1 1

Al . )
EAT%(A\DMJFA\DM)MDM P12+ AppaAipia = Dl fallx

VA

Topix =
(3+p)— 1—r
D5 |DJAE
+
0'211 0'217
‘DI( —T)-‘rp}
)

o2p

+Ap e A EED 1A 4| fk | S 1D 4+

< max {|D| pac

in which the last inequality follows from the fact % +p > 1. For T3 p|,», we have

S+p—r 1—7 S4p—r
1 N . D| =5 |D|¥35 D| 57
Taipia = 112558 +1)o AP LA N (AL, +Apa) S maX{| |02p | (|;2p } <! |02p .
2 2 2 B
Also, for Ty p|,», we have
p+1
A p D|2r+8 1
Taipia = Appac (A" @TD 4 A=1/2) < U—2p(|D|ﬁ+|D|é<ﬁ>> < % (since p+1> 5).

On the other hand, since
o , _—
AlpiaAipia S D777,

A a Al il < A aAppas® g lls, S D™=,
m

[D|F55 | D[ _ |DJFs
+

~ 1 1
AID‘)\ﬁU—QP()\—(P-Fz) +1) <

o2 o2 ~ g2
Therefore, we have
|D|#5 |D|#5
z
Tspia S [D|” 75 + % ~max{|D[” =5 )

Also, Tg,|p|,x is estimated as follow
Te. DA = ”ngLgX“ Amin{r,1} ||gp||L%X“ A < |D|" T

Now combining above estimates for the main terms 7; |p|.x ~ 7s,|p|,», noting the fact that when
ref1/2,1], 2 —r<1and )

DI Jo? < D] fo™,
we finally have

|D|>5

8115~ il | = O(max{ior ==, PEEY). v e 2
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4.3 Learning rates for r € (1,00)
When r € (0,00), (4.1) implies ||fal|lx < ﬂzr*1||gp||LgX , m > 1. After taking A\ = |D|_W1/3,
n

d= |D|i(ﬁ)7 we start with following basic estimates:

1 1 __ 3 1
— < ‘D‘2(2IB)‘D| 2245 = |D| 4B,
A2d2
1 1 __ 3 2 3 1
SVES < |D|Z*7|D|" 5 = |D|2C+5 2e+s = |D| eH < 1.
2

Since N'(\) < CoA™?, B € (0, 1], it follows that

1 ,/ A% \
b= 15 \ﬁ ) < 1+ VG F(f +1).
When A = |D|*ﬁ7 \/|13|)‘ﬁ |D|_’|D| P = |D|” 2(2+B) < 1 and 22 |D|‘2<‘2ﬁ+5)_% =

B—2-p o1
|D|2@+8) = |D|”2+#, hence we have

|D| » S|D|77+7, same way implies A|p| S [D| 2+

Also,

’ 1

D| 2%7 1
DA < (14 /e 12LEE < (14 V/Go) DI <1+ /G
\/X ‘D| 202+58)

Same way implies

= <14+ +/Co.
NS 0

A
Now based on above estimates, note that A\D\ AS L A|D| r—1<1land \\Df)l\x < 1, we can estimate
T1, DA ~ Ts, D), as follows,

N 1 e
Ti DA = ( A\D\ by +-A|2D|,/\) — S|P
A2d2
For T3 p|,», since
1 1 . - A
’ (= + (A Ajpa)A? 2 < |D|" =
(4) )\%d%()\di + 1)( DAt DI\ |D|,A NGy S D
. 1 1 P . A . .
(i1) m(@ + 1) (Afpx + Ajpya) {AlDl,A(A\D\,A = DAl + HfA||K] S |D|7 77
1 p ; p o\ —(pt B _
(m))\%d% ()\d% +1)(APp 5 + Apa)Ajpac (AT 4 A7)
p+f
A
< U—2p(|D| S = N 1) |D\ = |
it follows that .\
P+3
D| 75
T2 pjx S max{\D\ =7, 1D ; }
0'
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Same reason with (¢4¢) implies

1

p+3
1 1 —2p/y—(p+2) —1\/ A2 N |D|m
T3 DA = YL (Ad% +1)o™ (A 2 AT ApAtADIA) S oo
For T4, p|,», we have
b+l
T DA = A\Dl )\J—2p()\—(p+1) + )\—1/2) < U—2P<|D|% + \D\2<21+ﬁ>) < m#
) El 9 ~Y ~Y O_
Also, since
- i
A|2D|,AATD\,,\ S |DIT o,
N - - 1
.A|2D|’/\A\D|,)\||f)\||K S AA|2D|’/\A‘D|’)\K/27 1H9PHLZX“ 5 A|D|,)\ 5 |D| 248,
p+
) I oy v —(pt2 L o v (ptd _ P+l 1 _|D|#F
A|D|,Aﬁa (A~PH3) 41) < ﬁa w(A\~(P+2) 41) < 672 (|D| =P +| D]z ) < o

it follows that

pt1

__1 |D|z5
7—5,\D|,)\ 5 max {|D‘ 248, %}
Finally, since > 1, we have
i 1 1
To.\D|x = ||gp||L,2)XM amin{r,1} _ ”ngL’z’xu M= ”ngL‘Z)Xu -|D|”=F < |D|"7+5.

Combining above estimates for 71 p|,x ~ g, p|,», We obtain

p+1

. . ID|E
{115~ 15, | =0 (max{ipr=, L2 Y).
Now it is ready to provide proof for Corollary 1.

4.4 Proof of Corollary 1

Proof. The proof is obvious after using Theorem 1 and noting the fact that, if

[DIFCH, 7 e (0,1/2);

o 2 4 |D|BEEE, s e [1/2,1]
pt+l+r
|D|zrEHE e (1,00),
then
ptl
o > P 0.1y
- 0'21) ) K )
. _|D|F%
|D|" 7% > 5 T € [1/2,1];
p+1
_r |D|2+5
D77 > 20 e (1,00)
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4.5 Proof of Theorem 2
Proof. Tt follows from Fang et al. [12] that the least square distribution regressor has the form
gA = (M + Ly p)~'Shy.
With the representation of fg , in Lemma 1, we have
o s — 1/2 —
17 = FEallz, =IOL+ Ly p) 7 Ep s gllea = ILEPA + Ly p) ' Ep
1/2 .
SILPOL+ Ly p) M B 5 ol

Use Lemma 4 and take expectation on both sides of above inequality, it follows that

{1753~ 75 llzs, |

1/2
< 22pcpli0'_2p {HZP-H(\/ CvM)2p+1)\_(p+%) + M2p+1:|IEZ\D\ {Exd,\D|‘Z|D\ [HL%Z()\I + LKj))_le]} ‘|

< 2% ko {,{2174-1( /CVM)2p+1/\—(p+%) + MQP'H]
. 2%+ BF
| [(\/5)‘_;“(2 * ﬁ)%LTk)Ez\D\ [Cipia) + V2AT2E ) [CIL/JQ,A]] ’
in which the first inequality follows from the basic fact that Eya.ipj|,0| L2 (T + LK’3)71||]} <

1/2
{Exd,|D||Z\D\ [HL}(/2 (M + LK,D)71H2]} , the second inequality follows from Lemma 7. After using

Lemma 6 to C|p|,» and taking out corresponding coefficients by setting

C = 2% kK21 (\/Cy M)+ 4 M2PH {fg(zh/g)% L2%5° BE (20(3)+log? 2)+v/2(2'(2)+log 2)},

(4.5)
we arrive at
(A0 L 1) (AR AR, + AT I A p) )
E ||fg,\* 1135,\”1:2 } <C 2 2k ! )
) ) Px, o“P
which completes the proof.
4.6 Proof of Corollary 2
Proof. For any given A > 0, note that
2K K
lim A ( +\/N/\>0,
Dl 1P VDI \\/|D]X ¥
then it follows that A
. A . [D],A
1 -1 ( 1) =1, 4.6
Am A= g (S5 1) (4:6)
and o .
lim oo d™2 Afp = 0. (4.7)

d— oo
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From Theorem 2, we have known that

~()\—(;D+%) + 1)(,\—%(1_%/12 —i—)\_%AD >\)

o s [DIA ek

E Hfﬁ,,\ ff),,\HLgX } <C
o

o?p

|D|— 00
d—o0

By taking upper limit with respect to on above inequality and using (4.6) and (4.7), we

obtain (1) .
Tior o s ~ ()‘_ Pt + )‘_E)
hm’fj’%*oc""]E[Hfﬁ,/\ o f)’>‘|‘L/23xu < CT

)

which completes the proof.

5 Numerical Experiments

In this section, we implement numerical experiments for our proposed regularized RDR scheme
with some robust loss functions realized by appropriately chosen window functions V', such as
Cauchy loss, Huber loss and Fair loss, and compare them with the regularized least square DR
scheme to demonstrate the robustness of RDR scheme to outliers. In this experiment, we utilize the
iteratively re-weighted least squares algorithm to solve the optimization problem and concatenated
cross validation method to select best hayperparameters for a certain loss function.

5.1 Experiment Setup

We compare our regularized RDR algorithm (1.2) with the regularized least square DR algorithm
(1.1) on a benchmark problem from [30], which aims at learning the entropy of Gaussian distributions.
We first choose a random matrix M € R?*2, where each entry M, ; is uniformly distributed on
[0,1] (M; ; ~ U0,1]). For the first stage, we generate 200 sample sets from {N(0,3,)}2%, where
the covariance matrix X3 = R(as)MMT R(a;)T, and R(ay) is the 2d rotation matrix with angle
as ~ U[0, 7). For the second stage, we sample 100 2d points i.i.d. from each N(0,3;). The target
function is the entropy of the first marginal distribution: ¥ = 1 In(27e(3,)1,1). Then we use 100

sample sets for training and another 100 sample sets for the test.

5.2 Algorithms

According to the representor theorem, the solution of (1.2) can be represented by

|D|
,%7,\(@ = Zaf),iK(;U'Ivﬂ:i’i) + bﬁ? T € Ml(F)7
i=1

where apy = (O‘ﬁ,l’ Qpygyeees Ay D‘)T € RIPI and bp € R are learned parameters from data D. In
this experiment, we choose K to be the Gaussian kernel with the bandwidth parameter h > 0.

Since the regularized RDR scheme (1.2) is essentially a regularized M-estimation problem, we
use the iteratively re-weighted least square (IRLS) algorithm to solve it, the pseudo code of which
is shown in Algorithm 1.

Then we utilize the Concatenated Cross Validation (CCV) algorithm for the model selection
problem of our proposed regularized RDR estimator of a specific robust loss function, which means
how to select the hyperparameters in our model, i.e., the scaling parameter ¢ of the loss, the
regularization parameter A and the Gaussian kernel bandwidth h.

In the process of implementing cross-validation method, we need to specify a proper error
criterion for the certain loss function [,. Since we focus on learning robust estimators, the least
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Algorithm 1 IRLS Algorithm for Solving (1.2)

Input: data D = {({xi,s}jgl, yl)}lgll, regularization parameter A > 0, Gaussian kernel bandwidth
h > 0, scale parameter o > 0, and the initial guess oy = 0 € RIPl by =0 € R.
Output: the learned coefficients a and b.
Calculate the gram matrix K = [K(pz,, ps,;)] € RIPXIPI and set initial weight w; = 1,
(1, b1) = arg mingepio pep iy wi(yi — Koo —b)? + AaTa,
while |(a1,b1) — (o, bo)| > err do
oo = o, bp = by,

: Ve (yi— Kl ao—bo)|
Set weight w; = 2Ty —K oo —bo]

(al, bl) = arg minaeR\D\}beR legll wi(yi - Kl-TOé — b)2 + /\aTa,

)

return aq, by

square loss is not suitable for our algorithm. Notice that the Empirical Risk Minimization (ERM)
algorithm of the loss function [, is actually

. 1
arg min o lz:: Lo (f (1a:) = vi),

where K is the Gaussian kernel in this experiment. The error criterion we choose in our CCV algorith-
m is exactly the loss function in the above ERM approach. Specifically, denote {({zi s }%, vi)} ™,
as the validation set, and {§; 1}~ as the estimated values calculated by the IRLS algorithm
for the specific scaling parameter o, regularization parameter A and Gaussian kernel bandwidth
parameter h, the CCV algorithm for selecting the best hyperparameters is shown in Algorithm 2
which consists of three steps for the selection of the scaling parameter o, in each step, the best o
value is selected according to the ERM approach based on the best o value selected in the last step.

Algorithm 2 CCV algorithm for selecting the best hyperparameters

Input: data D = {({z;.}%,, yl)}'f:"l, initial scaling parameter oo > 0.
Output: the best hyperparameters o, A and h.

Step 1: (01, A1, h1) = argming x n = > i loo (Yi — Diorn),
Step 2: (0-2; )\27 h2) = arg mino'7/\,h m Zil l01 (yl - gi70',)\,h)7
Step 3: (03, A3, hs) = argming x p = > i oy (Ui — Ji,onn),
return o3, A3, hs

5.3 Numerical Results

In this section, we demonstrate the numerical results of our experiment. We implement the
algorithms in section 5.2 to learn the best estimators for Cauchy loss, Huber loss, Fair loss and
Least Square loss respectively on two datasets, the first dataset is exactly generated according to
section 5.1, the second dataset is just based on the first dataset except replacing several points in
the training set by the random outliers. We can observe from Figure 1 that the learned estimators
of all of four losses learn quite well for the first dataset which doesn’t include noise, and the learned
estimator of Least Square loss can even learn somehow better; In the case of the second dataset
which includes outliers, the learned estimator of Least Square loss is highly influenced by the
outliers and doesn’t learn well comparing with the true function, whereas the learned estimators of
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Figure 1: The learned entropy of the first marginal distribution of a rotated 2d Gaussian w.r.t. the
rotation angle for Least Square loss, Cauchy loss, Huber loss and Fair loss on noise-free data (left)
and data with outliers (right).

the robust losses, i.e. Cauchy loss, Huber loss and Fair loss still learn as well as that learned from
noise-free data ignoring the influence of the outliers. Such numerical results actually demonstrate
the robustness of our regularized RDR. scheme with respect to the outliers.
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Appendix

This appendix provides detailed proofs of the representations and estimates stated in Section 3.

A Representations and norm estimates with integral oper-
ators

This part derives representations of the estimators in terms of integral operators and provides
related lemmas concerning their norms. We first prove Lemma 1.
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Proof of Lemma 1. Taking the Fréchet derivative of the regularized functional in (1.2) yields

|D| o N 02
1 [ b (ML) yz]
|D|§Vl(m02)(fgv)\(:uiz) _yZ)KMmZ +Af[q)7>\ =0. (Al)
It follows that

|D] o N a2

1 [f‘ (:LLL) yz}
ﬁ Z {V/(WT> B V,(O)}( g)»\(;uii) - yz)KMTL
i=1
|D|

|D| Z poalba) = yi) Kus, +AfE =0

Substituting the representation of Ep , ~ and using the definitions of L, » and Sgy together with
the normalization condition V’(0) = 1, we find

Ep o+ il = Soyl+ M7\ =

Namely,
A+ Ly p)ff = Spy+Epy, =0

Hence we have the first representation (3.6). The second one follows immediately after replacing D
by D in the above procedure. W

In the following, we use E,p|[-] to denote the expectation w.r.t. zPl = {z; = (,uz,yl)}lgll

s . ) D L.
Use Eya,p|ip| to denote the conditional expectation w.r.t. sample {{xi,s}g;1}L:|1 conditioned on
{21, 22,...,2)p|}. Namely

Eyoi[] =By, yopetll Exainigol[]:= E eyt i s [].

The following lemma found in [12] will be used for dealing with approximations of integral operators.

Lemma 2. Suppose the boundedness condition (2.1) of kernels k and K and («, L)-Hélder continuity
condition (2.2) holds for K. If dy = dy = --- = d|p| = d, then

2235
FE
2% 32

{Exd\Duz\Dl [HSDQ SDZ/HK” <@2+Vm)iM

{]Exd,\D\‘z\D| [HLK,D — LK,DHQ}} < B L(2 + \/‘>
The RKHS norms of f7 , and Jb.» can be bounded as follows.

Lemma 3. Assume the smoothness condition (2.7) for V and |y| < M almost surely, then

1£5 1k < /Oy MA~V2, (A.2)
and
I £pall < V/CyMATY2, (A.3)
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Proof. Denote

2 1D 2
g f(be,) — yi
5ﬁ,a(f) = W Z V(%)- (A.4)
i=1
According to the definition of f7 | in (1.2), we have
Ep.0 (12 )+ AITG % < €5, (0). (A.5)

Note that V’(s) > 0 for s > 0. Then V(s) > V(0) for s > 0 which implies &5, (7

2
D,A) >0V (0). It
follows that

2 1P
MG < €50 (0) = €, (f5,) < Z UE)~ oV (0)
; |D| & o
5 D] 9 o |ID|
o |yl Cvo 19l 2
< — < < M=,
<oy 2 Vo) Vo) < Tpr X T <o

Hence, we have ||f [|x < OvMA~'/2. The same procedure with D replaced by D and ps,
replaced by i, implies ||fj:’,)/\|\K <VCOyMAY2 m

The following lemma provides upper bounds for the RKHS norms of the quantities Ep  , and
Eﬁ Ao*

Lemma 4. Assume |y| < M almost surely. Under the smoothness condition (2.6) for V, the norms
of Ep e and Ep, | . can be bounded as

|Epallics |Epnallic < 2%epy/Bico™ [ BRHA (/O My A-08)  mo1]. - (A6)

Proof. According to the smoothness condition (2.6) for V', we have

(1) yi]Q
DN -
1Epaolic < |D\Z’ (—)fV'<o>\|fﬁ,A<%>fyi|~||K NP
|D|

KC,o 2P -
=i 2 (195 alle + bl

i=1

2p+1

IN

But |[f2 \llc < VBk|f§ |« by the reproducing property of the Mercer kernel K. Then we can

apply Lemma 3 and see that

2p+1
1Epaolc < VB (VBilfp ik + M)
< 2%c,\/Bro  P[BYETA(/Cy M)PHIA-H3) 4 a2t

The proof for the bound of ||Ep x|k is the same. W

The following lemma with a standard proof is needed in our analysis.
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Lemma 5. Let a sample D be drawn independently according to a Borel probability measure p and
®: Ry — Ry be a positive continuous function. If for some m € Ny, a positive random variable
Xip|x > 0 satisfies X p|x < (Ajp,a)log™ % with probability at least 1 — 6 for any § € (0,1), then

E l:XSD’)\] < (2F(m8 +1) + (log 2)m8)¢(A|D|7)\)S, Vs > 1.

The same result holds when Ap) x is replaced by AIDIJ\'
Proof. The condition implies that, for 0 < § < 2,
4 0
Prob{X|D|7>\ < ®(Ajpj,a) log™ 5} >1- 3 (A7)

Make a variable change v = ®(Ap|,)*log™* 3. It follows that yE o= O(A|ppa) (log%)m and
S = 2exp{77#/®(A‘D|7>\)1/m}. Note that for v > ®(A|p|»)*log™”2, the random variable
&= X|SD\ ,, satisfies

1/ms
= 2exp{ — 7<I>(AV|D|7A)1/’" }

Then by using the formula E[¢] = fooo Prob(§ > «y)d~y, we have

Prob{§ > 'y} = Prob{gl/s > 'yl/s} < g

®(A|p).2)* log™* 2 %
EM - / Prob(¢ > ~)dy + / Prob(¢ > ~)dy
0 B(A|p|2)* log™* 2

00 1/ms
v
< 8yl | o { - 5
! B(A|p) )" log™* 2 O(Ajp| )™
With a simple variable change v = ®(A|p|,x)*z"™*, we see that the integral in above second term

equals
o0

2ms<I>(A|D‘_,A)S/ 2™ ey < 2 (ms + 1)@ (Ajp),a)°,
log 2

which completes the proof for the bound in terms of Ajp| . Using the same procedures with
A|pj, replaced by AIDI,A’ we known the inequality holds with A|p  replaced by ATD\,X [ |

In our error analysis with an integral operator approach, we need

Bipja = (M + L) " (Shy — Licfo)llxc» (A.8)
Cipja = |\ + Lr)(M + Li,p) ., (A.9)
Dipja = (A + Li)"#(Lk — Lic.p)l- (A.10)

Probabilistic bounds for these quantities can be found in [3, 20, 22] which together with Lemma 5
, 2

applied to the functions @4 (z) = Mx, Dy(x) = (% + 1) , and ®5(z) = 2x give the following

bounds in expectations.

Lemma 6. For any s > 0, the quantities Bp| x, C\p|,» and D|p| x defined by (A.8), (A.9) and
(A.10) satisfy

(2M(m+1) , )S)

E[Bp) ] < (20(s +1) + log® 2) DA

E[Cip\] < (20(2s + 1) + 1og™ 2).4%, .

E[Dipya] < (2T(s + 1) + log® 2) 2A‘DM) .
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B Bounding the error involving the scaling parameter

With the above preparation, we can now prove Proposition 1 for estimating the error term

E[If5a— fallzz, ]

Proof of Proposition 1. Note that ”9”sz ||L1/29||K for any g € L2 . Then we know that
“ W

|+ 22| = (|2 = lglzz,

and for g € Hp,
AL+ Lic) 2| = X2 gl

In particular,

max{|[fpx = fillzz VB = Al S N+ L) (£5.0 = £) l1xe-

Applying the expression (3.11) for f \ — fi to the above bound and denoting @ := (SEy— Lk f,)+
(Lx — Lx,p) fx, we know that max{||f \ — fallrz, VAN = Ak} is bounded by

”w
AT+ Li)Y*(AT + L, p) ™ *(M\ + L. p) "?Q|lx + [|[(A + L) (M + Lic,p) " Ep r ol k-

Inserting (A 4 Ly )Y?(MI + Lg)~'/? in the middle, we see that the first term can be further
bounded by

[T+ L) 2N + Lie.p) 2| M + Lie.p) ™2 (A + L) 2| [ + L) *Q| &
+H()\I—|-LK)l/Q()\I—|—LK7D)71/2||H()\I+LKVD)il/QEDM\’UHK.

The first two operator norms above can be bounded by C\lé|2>\ due to the identity ||T7T5| <

|71 T2 || valid for any s € (0, 1] and positive self-adjoint operators 77, T». Thus, in terms of the
notations B|pjx, D|p,x defined in (A.8) and (A.10) for the norms of (A] 4 Lx)~ 3(STy — Lk f,)

and (Al 4+ Lg)~ 2 (Lg — L p), noting the fact ||[(A + Lg,p)~ /2| < A~1/2, we have
max{[|fp = fllzz, aﬁHfB,)\ = Mlix}

S CpiaBipix + CoaDipall fallx +C|D| A\fll Dol K- (B.1)

Taking expectations and using the Schwarz inequality, we know that IE[H o= Al Lz ] can be
bounded by ’

(I

{E[CEDM]};{E[BEDM]}%+{E[62D|,A]}é{E[DEDLA]}%||fA||K+{E[c|D|,A1}5\;{E[HED,A,JH%A} .

At the end, we apply Lemmas 4 and 6 and know that the desired bound for E[Hf‘[’)A — f>\||L3X ]
holds true. The proof of Proposition 1 is complete. W !
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C Bounding the error involving the second-stage sampling

This part aims at proving Proposition 2 for estimating the norm H f" -3 )\H L3 of the error
term involving the second-stage sampling. To this end, we need basm estlmates for the norm

E, o1 [[I/p All%] and the operator norm L2 (A + L p)7 M-

Proposition 3. Assume |y| < M almost surely. Under the smoothness condition (2.6) for V', there
holds

1/2 A 2 (A A
{EIAR]}T < 2Cmeeun(Z 22 +1) ( v i }Anmm)

Apja
VA

where Cy, 1. ¢, .M 5 the constant given in the statement of Proposition 1

+20p,n,cv,M( +1> (D) AT 12| fil ks

Proof. By (B.1), we have
1fDx — Allk < —=Cip|ABip )\+7CD APl Al + —=Clh IEDx0llk-
DA \f\\u 5D Do, f\D\Af
Combining this with the triangle inequality || f7 \llx < [|fD.x — fallx + | fallx yields

1D Allx < \f/\C\DMBIDI/\‘FﬁCIDI ADipiallfallx + \fcwlr/)\zx\f e(N) + [ fxllx,

where we have denoted the right-hand side of the error bound (A.6) for |Ep x|k by e(A). It
follows that

1
1foal% < /\{C|D| ABipia + Clo APl sl ANl +C\D\,AX€(/\)2} + 4[| A ll%-

Taking expectations tells us that E {Hfg)\ﬂi(} can be bounded by

i({E[CﬁDlJ\] }1/2{E[B|40\,A] }1/2 + {]E[Cflp\,,\] }1/2{]E[D‘D‘ N }1/2\|f,\|\%<

+{]E[C\D\7>\] }1\6()\)2> + 4||f)\||%(
Hence

{Elparl} " < {elchl} {ElBba)
+\2[\{ [C|D| /\]}1/ {E[D\Dl A]}M“fAHK
s {Eltoia)} et + 2l

1/2
Then the desired bound for E[”ng”%(]} follows from Lemma 6 with the constant Cp . ¢\ .M
given in Proposition 1. The proof of the proposition is complete. B
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Lemma 7. Suppose the boundedness condition (2.1) of kernels k and K and («, L)-Hélder continuity
condition (2.2) holds for K. If dy = dy = --- = d|p| = d, then

at2

1/2 3 . > B
{Bxaimam 12O L) I} < (VN3 VBV LE 28 ey a b VEA 2 L2

2

T olp

Proof. Write (A + L. ;)" as {()\I—l—LKﬁ)_l — (M + LK)D)_l} + (M + Lg.p)~! and identify
{4 Ly p)7 = (M + Lic,p) ™ f with M+ Licp) ™ { Lo = Ly p } M+ Ly ). We follow

the same procedure as in the proof of Proposition 1 and know that ||L}(/2(>\I + Ly p) 7| can be
bounded by

I(AT + L) > + Lic,p) 2| (M + Lie,p) ™2 (M + L) 2|
I(AL+ L) (Lo — Lye ) ML+ Ly p) 71|
I+ L) (M + Licp) | |(M + L)

< Copa A VPAT Lk — Ly pll + )\_1/20|1fé\2,,\7

It follows that

LI + Ly p) M < 20722\ Lo — L plI?

Taking expectations and applying Lemma 2 verifies the desired bound. This completes the proof.
|

We are in a position to prove Proposition 2.

Proof of Proposition 2. Based on the representations (3.6) and (3.7), we can decompose the differ-

ence D y — [D as It — I where
It = (A + Ly 5) 'Shy — (M + Lk.p) ' Shy, (C.1)
Iy=M+ Ly p) 'Ep g — M+ L) 'Ep - (C.2)
Then E[[|f7 , — 2 ] < ]E[”IlHLgX 1+ E[||12||L'5X ] and we estimate the two terms in the

following.
1/2

To estimate E[Hll||L,%X |= IE[||L}(/2[1||%(], we decompose L;/”I; further as

L’L = (M +Ly ) (Shy— Shy) + [(M +Lgp) = (M + LK7D)_1}Sgy
= LM + Ly )" (8hy — Shy)
+LP(M + Ly )" (Lie.p — Ly p)(M + Lie.p) "' STy. (C.3)

Then we follow the same procedure as in the proof of Proposition 1 and apply Lemmas 2, 7 and 6
to obtain a bound for the first term in (C.3) as

E [HLZ/Q(/\I + Ly p) N (Shy — SlTay)HK}

1/2 N %
S EZ‘D‘ {Exd‘DHZ‘D‘[HL (AI—FL ) 1||2]} {Exd"D“ZlD‘ |:HSgy_SDyHi(:|} ]
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[(\/5/\_3/2(2 * ﬁ)LTk)Ez\D\ (€Al + V2ATE 0[] —

dz

IN

2+ vm)YALM

)

o [ (A2 ) ach (A2

where ¢ is a constant independent of |DJ,d, \, or o.
The second term of (C.3) can be seen from (3.7) of Lemma 1 to be equal to

L}(/2()‘I + LK,D)_l(LK,D — Ly p) [ff),A + (M + LK,D)_lED,/\,o)]
Hence
E (|| LK + Ly )™ (Eicp = Lic p) AL + L) Shy| |

1
2

< E,ip

1/2
{Exd,wuz\m (1L (A + LK,D)_1||2]} {Exdv‘Dl\le‘ MLK,D - LK,DH?{}}

(1Bl + AT + LK,D)_IED,A,UHK)]

2

1 B 1 1
<+/B L2+7r5 e [\f(2+f)2L2 B?)\édg+\/§)\‘f}

<{Ezmw (i A Bt (1B A2 4 {Ei01 [C o) A1} 2 {Egim [IIfB,AII%]}l/Q)

T l0

at2 ﬁ
27 B 1
+VBRLE+m Va2 + VR L2 B+ VA~
ds )\2d2
'(Ezml [CipiA] + Egip [CIDIJ\]) 2%, \/Bico P [BY A (VO M) HIN-FHR) o a2+

where Lemma 4 has been used. Applying Lemma 6 to C,p|,x and Proposition 3, we have

E[|[ L3O+ Lic )™ (Lo = Lic. o) AL + Licp) ' Shy| ]

< ad #[ e a] [A\QD\,A + Ajpy.a

A
{A|D| A L A|D\ A

where ¢y is a constant independent of |DJ,d, A, or o.
Now we estimate the norm of I5 in (C.2) which can be expressed as

Iy =[M+ Ly p)" =M+ Lgp) 1Ep o + M+ Lr.p) ' (Ep , » — EDro)

Applying the identity ()\I—&-LK’D)_l —~(M+Lgp)~t= ()\I—Q—LK)D)_l(LK’D —LKj))(/\I—I—LK’D)_l
again, the first term above can be bounded as

HL}(/2[()\I+ LK7ﬁ)71 — ()\I + LK,D)il]Eﬁ,)\,U

K
LI + Ly ) " Lxe,p — L plllOM + L. p) " Epy 5l
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Then we apply Lemma 4 and the same procedure we use for estimating the second term of I; to get

N

+/\*%} . {AIQDI,)\ +A‘D|7)\}O.*2P(/\*(P+%) +)\71)’

E||E2IM + Ly o)™ = (M + Lico) Ep 5.,
1
A2d5

<czd® {

where ¢3 is a constant independent of |DJ,d, \, or o.
In the same way, the second term of I5 can be bounded as

HL}K/z(/\I + LK,D)_l(Eﬁ,/\,U —Epo) X«
1/2 —

< 2200+ L) || (1Ep ol + 1Ep sl )

< |+ L) POT+ Liep) 2| 1+ L) (1B s ol + 1 Epelic)-

Then we apply Lemmas 4 and 6 and estimate the expected value of the norm as

E [HL%/Z(M + LK,D)_l(EJj,A,a —Ep o)

K} < C4A|D|7>\U—2p {)\—(erl) + )\—1/2}’

where ¢4 is a constant independent of |DJ,d, A, or o.
~ Combining all the above bounds for the two terms of I; and two terms of I3, we know that with
C' = max{cy, 2, c3, s}, the desired bound holds true. The proof of Proposition 2 is complete. M
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