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Abstract. Spectral algorithms have been widely used and studied in learning theory
and inverse problems. This paper is concerned with distributed spectral algorithms,
for handling big data, based on a divide-and-conquer approach. We present a learning
theory for these distributed kernel-based learning algorithms in a regression framework
including nice error bounds and optimal minimax learning rates achieved by means
of a novel integral operator approach and a second order decomposition of inverse
operators. Our quantitative estimates are given in terms of regularity of the regression
function, effective dimension of the reproducing kernel Hilbert space, and qualification
of the filter function of the spectral algorithm. They do not need any eigenfunction or
noise conditions and are better than the existing results even for the classical family
of spectral algorithms.

Keywords: Distributed learning, Spectral algorithm, Integral operator, Learning rate

Submitted to: Inverse Problems

1. Introduction

In the big data era, data of high volume may necessarily be stored distributively across
multiple servers rather than on one machine. This makes many traditional learning
algorithms requiring access to the entire data set infeasible. Distributed learning, based
on a divide-and-conquer approach, provides a promising way to tackle this problem and
therefore has recently triggered enormous research activities [13, 15, 22]. This strategy
applies a specific learning algorithm to one data subset on each server, to produce an
individual output (function), and then synthesizes a global output by utilizing some
average of the individual outputs. The learning performance of distributed learning has
been observed in many practical applications to be as good as that of a big machine
which could process the whole data. We are interested in error analysis of such learning
algorithms.
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Distributed learning with kernel-based regularized least squares was studied in [23],
and optimal (minimax) learning rates were derived with a matrix analysis approach
by making full use of the linearity of the algorithm under some assumptions on
eigenfunctions of the integral operator associated with the kernel. These assumptions
were successfully removed in the recent paper [11] with an integral operator approach
and also by the linearity of the least squares algorithm.

In this paper, we consider a family of more general learning algorithms, spectral
algorithms, and present a learning theory for distributed spectral algorithms. In
particular, optimal learning rates will be provided by means of a novel integral operator
approach. As a by-product, for the classical spectral algorithms for regression, we shall
improve the existing learning rates in the literature by removing a logarithmic factor
and give optimal learning rates.

Spectral algorithms were proposed to solve ill-posed linear inverse problems (see
e.g. [8]) and employed [12, 2] for regression by noticing connections between learning
theory and inverse problems [7]. For learning functions on a compact metric space
X (input space), a spectral algorithm is defined in terms of a Mercer (continuous,

symmetric and positive semidefinite) kernel K : X x X — R with k = \/sup,cy K (, x)
and a filter function gy : [0,x?] — R with a parameter A > 0 acting on spectra of
empirical integral operators. For a sample D = {(z;,v;)}¥, with y; € Y C R (output
space), the empirical integral operator Lx p associated with the kernel K and the input
data D(x) = {x1,---,zn} is defined on the reproducing kernel Hilbert space (RKHS)
(Hk, (,) k) associated with K by

Lxp(f Z f(z) Ky, [ €Hk,
xED(x
where K, = K(-,z) and |D| = N denotes the cardinality of D. Given the kernel K, the
filter function gy, and the sample D, the spectral algorithm is defined by

foa = ax( Z YK (1)
(x,y )eD
Here g\(Lk p) is an operator on Hy defined by spectral calculus: if {(c¥, ¢¥);} is a set
of normalized eigenpairs of Lk p with the eigenfunctions {¢}}; forming an orthonormal
basis of Hg, then g\(Lx,p) = >, gA(07)dF @ ¢F = Z gA( (-, ¢F) ¥, This operator
acts on the function f[f) = ‘—ll)‘z(w’y)eD yK, = « Zi:l yiK;, € Hg to produce the
output function fp ) € Hx of spectral algorithm (1).

We take a regression framework in learning theory modelled with a probability
measure p on Z := X x ), and assume throughout the paper that a random sample
D = {(x;,y;)}Y, is drawn independently according to p. The learning problem for
regression aims at estimating the regression function f, : X — R defined by conditional
means as

fo(x) = /y ydp(ylz), € X,
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where p(y|x) is the conditional distribution of p at . The output function fp  produced
by spectral algorithm (1) is a good estimator of the regression function f, when the filter
function g, is chosen properly and the size N of the sample D is large enough.

As a kernel method, spectral algorithm (1) implements learning tasks in the
hypothesis space Hyg. What is special about this hypothesis space is its reproducing
property asserting that f(x) = (f, K,)k for any f € Hx and x € X. It tells us that
the empirical integral operator satisfies Lk p(f) = ﬁ ZxED(x)<f7 K,)kK,. So Lk pisa
finite-rank positive operator on Hy, and its spectrum is contained in the interval [0, 2]
since | K|k = /K (z,2z) < k. Expressing Lk p in terms of its normalized eigenpairs
{(cF,¢%)i} as L p = >, 0(-, ¢F) k ¢¥, we see that the filter function g, acting on Lk p
provides an approximate inverse gx(Lk.p) = Y. ga(07) (-, ¢7) k¢ of L p by regularizing
the eigenvalue reciprocal — to gx(o¥).

Let px be the marginazl distribution of p on X and (LiX, |- l,) be the Hilbert space
of px square integrable functions on X'. Define the integral operator Ly on Hg or Lgx
associated with the Mercer kernel K by

Li(f) = /X F(2) K dpx.

When the sample size N is large, the function pr = % ZZN:1 yiK;, € Hg is a good
approximation of its mean [, yK,dp = [, f,(x)K.dpx = Lg(f,) and the empirical
integral operator Ly p approximates Ly well. Hence spectral algorithm (1) produces
a good estimator fpx = ga(Lk,p)f) of the regression function f, when f, € Hy and
9x(Lk p) is an approximate inverse of Ly p or L.

Let us illustrate the role in inverting Lk p approximately of the filter function gy
as an approximation of the reciprocal function % by describing two typical spectral
algorithms, Tikhonov regularization or kernel-based regularized least squares algorithm
and spectral cut-off [2, 12, 18].

Example 1. (Tikhonov Regularization) This spectral algorithm has a filter

function gy : [0,x%] — R with a parameter A > 0 given by gj(c) = Its output

1
oA
function fp ) equals the solution to the following regularized least squares minimization
problem

| X
fDA:argffél?i{l;l({N;(f(%)—yi)2+)\||f||%<}- (2)

To see this, we use the sampling operator Sy : Hx — RY defined [16] by Sy(f) =
(f(x,))fil = ((f, Kxi)K)ij\il, where the inner product on R¥ is the normalized one
given by (c,&)gy = 3N & for ¢ = (), ¢ = (&)Y, € RY. If we denote

y = (1), € RY, then the minimization problem (2) can be expressed as

Jpa = arg min {18<(f) = yllgs + AN fI%}

and its unique solution [8] is fp, = (SffojL)\I)_lS;fy. Note that the adjoint

operator SI : RY — Hy is given by SI(c) = &+ 3N ¢K,, for ¢ € RV. Hence
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STS(f) = L5V, F@) K, = Licp(f) for f € M, and STy = L3N 4K, = 2.
These identities tell us that fp » defined by (2) equals (Lg, p + )\])_1 pr = gA(LK,D)pr,
the expression in (1) when g\(0) = 115

It is well-known that when A\ = 0, the minimization problem (2) is ill-posed and its
solution is not unique in general. This can also be seen from the expression (1) since the
operator Lx.p = Y, 0X(-, ) k¢ is not invertible and the operator go(Lx,p) = L}D
is not well-defined. When A > 0, the minimization problem (2) becomes well-posed
and its unique solution is given by means of the operator gx(Lk p) = (Lix.p + )\I)_l =
> o +/\< ¢F)k¢F. Here the filter function gy maps the eigenvalue o € [0, 2] in the

spectrum of Ly p to a regularized reciprocal —~— instead of the reciprocal itself.

Example 2. (Spectral Cut-off) The spectral cut-off or truncated singular value

decomposition has a filter function g, with a parameter A > 0 given by

(o) = %, if o >\,
INTT=9 0, ifo <A

Here the filter function g, eliminates the eigenvalues of Lk p in the spectrum interval
[0, \) and maps those eigenvalues oX on [\, x2] to their reciprocals - = So the operator
gx(Lk p) is given by spectral calculus as g\(Lxp) = wa>/\a < X )k ®F, and it
provides an approximate inverse of Ly p when the truncation parameter A is small.

We may regard the least squares minimization problem (2) in Example 1 as a
Tikhonov regularization solution [8] to an ill-posed linear inverse problem with noisy
data D = {(z;,9;)}Y,. Both of the output and input have noise. The data-free limit of
(2) takes the form

fr = arg muin {If = £I + Al }

If we use the inclusion operator S, : Hx — L2 defined by S (f)( )= f(z) ={(f, Ks)k
then we know that fy = (S7S,+ )" STfp But ST(h) = [, h(z)K.dpx. So
S;;FSp(f) = Li(f). Since Lk is a compact positive operator on HK, LK+)\I is invertible
for any A > 0. When f, € Hg, we have fy = (Lx + M)"'Lg(f,), the data-free limit
of (1) given by gx(Lx) Lk (f,) with gx(0) = 15 This expression for the data-free limit
hints the so-called saturation phenomenon [12, 21] for the regularized least squares
algorithm: its learning rate O(N _;—15), stated with a complexity parameter § > 0
and a regularity parameter r > 0 given in (8) and (6) below, is saturated at r = 1
and ceases to improve when the regularity of the regression function goes beyond as
r > 1. Some other members in the family of spectral algorithms may have improved
learning rates together with some other advantages in solving various learning tasks.
For example, the Landweber iteration [12] (or gradient descent [21]), with the filter
function gy(0) = Y2'21(1 — 0)" parameterized by A\ = 1 for an integer ¢ € N, can
have improved learning rates, from O(N _ﬁ) to O(N _Zf—iﬁ) with arbitrary » > 1. A
corresponding parameter for a general spectral algorithm, threshold for improvements of
learning rates, is called the qualification v, > 0 (to be defined below) which can even be
infinity (for spectral cut-off). Deriving learning rates of spectral algorithm (1) requires
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rigorous analysis for the approximation of (Lgx + AI)™! by (Lxp + AI)™!, which is key
in our study.

The spectral algorithms (1) are implemented by spectral calculus of the empirical
integral operator Ly p or singular value decompositions of the Gramian matrix
(K (x;,2;));—;. When the data set D comes distributively or has a very large sample
size N, it is natural for us to consider distributed learning with spectral algorithms. Let
D = UL, D; be a disjoint union of data subsets D;. The distributed learning algorithms
studied in this paper take the form of a weighted average of the output functions { fp, »}
produced by the spectral algorithms (1) implemented on individual data subsets {D;}

as

|D; |D;
Z D] fDJ,A Z |D| Lk p;) Z Y. (3)

(xy )ED;

In the special case with gx(0) = —, (3) coincides with the algorithm of distributed
learning with regularized least squares considered in [23, 11].

The main purpose of this paper is to derive optimal learning rates for the distributed
spectral algorithms (3) by a novel integral operator method. We shall show that the
distributed spectral algorithms (3) can achieve the same learning rates as the spectral
algorithms (1) (acting on the whole data set), provided |D,| is not too small for each
D;.

2. Main Results

In this section, we present optimal learning rates of the distributed spectral algorithms
(3). These learning rates are stated in terms of the regularity of the regression function,
the complexity of the RKHS, and the qualification of the filter function, a characteristic
of a spectral algorithm making our analysis essentially different from the previous work
for the regularized least squares in [23, 11].

2.1. Filter function and examples of spectral algorithms

The learning performance of a spectral algorithm depends on its filter function g, with
qualification v, > % defined as follows.
Definition 1. We say that gy : [0,x?] — R, with 0 < A < &2, is a filter function

with qualification v, > 5 1f there exists a positive constant b independent of A such that
b
sup [gA(0)] < 7, sup |ga(o)o] <0, (4)
0<o<k? 0<o<k?
and
sup |1 — ga(o)olo” <y, N\, VO<v <y, (5)
0<o<k?

where 7, > 0 is a constant depending only on v € (0, v,].
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In Examples 1 and 2, we may take the constants as b = 1,7, = 1, while the
qualification is v, = 1 for Tikhonov Regularization and v, = oo for spectral cut-off.

Below are some other examples of spectral algorithms with different filter functions.

Example 3. (Landweber Iteration) If gy(c) = S\_}(1 — o)’ with \ = 1 for
some t € N, then algorithm (1) corresponds to the Landweber iteration or gradient
descent algorithm. For this filter function, we have b = 1 and the qualification v, is
infinite. The constant v, equals 1 if v € (0, 1] and v” if v > 1.

Example 4. (Accelerated Landweber Iteration) Accelerated Landweber
iteration or semi-iterative regularization can be regarded as a generalization of the
Landweber iteration where the filter function is defined as gx(c) = pi(o) with A = t72,
t € N, and p; a polynomial of degree ¢t — 1. Here b = 2 and the qualification is usually
finite [8]. A special case of the accelerated Landweber iteration is the v method. We
refer the readers to [12, 8, 2] and references therein for more details about the v method
and accelerated Landweber iteration.

2.2. Optimal minimazx rates of distributed spectral algorithms

Our error bounds for the distributed spectral algorithms are based on the following
regularity condition

fo = Li(u,) for some r >0 and u, € L?_, (6)

where Lj denotes the r-th power of Ly on L3 since Ly : L7 — L7 is a compact
and positive operator.

We shall use the effective dimension N'(\) to measure the complexity of Hy with
respect to px, which is defined to be the trace of the operator (Al + Lg)™ 'L, that is

N(A) =Tr((M + Lg) ' Lg), A>0.

Throughout the paper we assume that for some constant M > 0, |y| < M almost
surely. Our analysis can be extended to more general situations by assuming some
exponential decay or moment conditions [4].

In Section 6, we shall prove the following error bounds in expectation for the
distributed spectral algorithms (3). Recall that D = UJL,D; is a disjoint union of
data subsets D;.

Theorem 1. If the regularity condition (6) holds with 1/2 < r < v,, then there
exists a constant C' independent of m or |D;| such that for 1/2 < r < min{3/2,v,},

m max{2,2r}
- A 1D BID'M ’ 1D o 2
Ellfpp— I <CY =~ +1 —iBipat AT,
A= 2n) [T D)
and for 3/2 <r <uy,,

Ell[fp = foll7)

-\~ |Djl (B|D»,A)2
<C 2 +1
N Z DI\ VA

3
‘Dj| 2 A 2 2122 A3
— — + AT+ A — .
( \D\ BIDJ'M+ \D\ + + BIDJ'\,A+ \Dj\
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Here Bip,|.» is a quantity defined by

2K K
Bip,jx= \/|Dj| {\/|Dj|)\ + N()\)} : (7)

To obtain explicit learning rates, we need to quantify the effective dimension N ()
with a parameter 0 < # < 1 and a constant Cy > 0 as

N(X\) < Cor77, VA > 0. (8)

The condition (8) with # = 1 is always satisfied by taking the constant Cy =
Tr(Lg) < k%

For 0 < B < 1, the condition (8) is slightly more general than the eigenvalue

decaying assumption in the literature (e.g. [4]). Indeed, let {(\, ¢¢)}s be a set of

normalized eigenpairs of Lx on Hy with {¢,}92,; forming an orthonormal basis of H,
and let

Lic =Y Nl d)n

(=1

be the spectral decomposition. If A, < con~'/? for some 0 < 3 < 1 and ¢y > 1, then

i Z Cog 1/8 i Co
A T A+ col=1/8 = 1c0+/\£1/6

g/o Cidt O ).

Co + )\tl/ﬁ

If the condition (8) for the effective dimension is imposed, then we can derive the

following learning rates of the distributed spectral algorithms (3) to be proved in Section
6.
Corollary 1. Assume the regularity condition (6) with 1/2 <r <w,. If (8) holds

with 0 < 3< 1, |Di| = |Ds| = ... = |Dp|, A\ = N"7+5, and
. 2 2r—1
m < N 55555 , (9)
then
- __2r
BllFoa— £l = 0 (N725). (10)

Our error analysis for the distributed spectral algorithms (3) is carried out by
making some improvements of existing methods and results [2, 12, 7] on spectral
algorithms (1). As a by-product, we shall prove in Section 5 the following error estimates
for || fp.x — f,|l, concerning the classical spectral algorithms (1).

Theorem 2. If the regularity condition (6) holds with 1/2 < r < v,, then for any
d € (0,1), with confidence at least 1 — 6, ||fp.x — f,||, is bounded by

9 max{1,r}
C ((—B\Df)\“) + 1) (B|D|7,\ + X") (log%)”‘, if % < r < min {%, v,

c((B};) )(BDH(D) +x> (log 8, i3 <r<u,

1z
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where C' is a constant independent of |D| or §. If (8) holds with 0 < # < 1 and
1
A= N"2+5, then for any 0 < § < 1, with confidence at least 1 — §, we have

Ifpa = foll, < CN~7% (log 6/6)*, (11)
where C is a constat independent of N or 6. Moreover,
__2r
E (I foa = fl12] =0 (N"%5). (12)

To facilitate the use of the distributed spectral algorithms in practice, we discuss
the important issue of parameter selection by the strategy of cross-validation in two
situations.

The first situation is when the data are stored naturally across multiple servers in
a distributive way. This happens in some practical applications in medicine, finance,
business, and some other areas, and the data are not combined for reasons of protecting
privacy or avoiding high costs. In such a circumstance, the number of data subsets m is
fixed. We propose a cross-validation approach for selecting the regularization parameter
A for the distributed spectral algorithms, as done for the regularized least squares in [5].
Without loss of generality, we assume that each data subset D; has an even sample size
and is the disjoint union of two subsets, D; (the training set) and D7 (the validation
set), of equal cardinality |Dj| = [D?| = |D;|/2. Let A be a set of positive parameters.
We use the training data subsets {Dj1 72, and the distributed spectral algorithm to get
a set of estimators { f 1 y}rea with D' = U™, D1, and then utilize the validation subsets
{D3?}7, to select an optimal parameter \* by

| _
)\* = argmin— E W E (fD17>\(:L') — y)2 . (13)
j=1 J

AEA ™M
z:(x,y)EDJZ.

The final estimator is 7[)1, \+- Dome theoretical analysis for the cross-validation strategy
can be found in [5, Theorem 3].

The other situation we consider for parameter selection in distributed learning is
when the divide-and-conquer approach is used to reduce the computational complexity
and memory requirements. Here there exist two parameters in the distributed spectral
algorithm: the number of data subsets m and the regularization parameter \. We
assume that the data set D has size |D| = 2" for some n € N. We choose
1 < kpin < Epmae < n, take m = 2F with k € Kiger = {kmin, kmin + 1, -+, Emae }
and divide the data set D into m = 2* disjoint data subsets {Dj,k}?kzl of size 2"*. Here
the integer k., is chosen according to the processing ability (for data sets of size at most
2n—kmin) of the local processors and kg, is set according to the size requirement (at
least 2"~Fmer) of data subsets in the local processors. By dividing each data subset D;
into the disjoint union of two subsets D]1-7  and Dik of equal cardinality, and applying the
distributed spectral algorithm to the training data subsets {D]1 ey and A € A, we get
a set of estimators {TD_{k,,\}AeA with D!, = U?klejl»,k. Then we can use the validation
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subsets {D?,}2", to select the optimal parameter pair (k*, \*) by

2k:
* * : 1 T 2
(K", A7) = arg mln(k,A)elCmdezxA—zn_l Z Z (fD_{k,A(x) - y) . (14)

Jj=1 z:(x,y)EDJz.,k
This yields the final estimator f pt,, =~ The computational cost of the above procedure

is in the order of O (Z)\GA Zi’i‘i{fmn (2”—k)3) = O (| D|?2~3min
choice of k, a procedure of re-partition and re-communication of the data set would be

Al). However, for each

required, which would significantly hinders the use of the proposed distributed spectral
algorithms. To the best of our knowledge, a feasible way to select m is to adjust it
manually. It is possible to select m manually via a few trails, since (9) yields optimal
rates for distributed spectral algorithms for m < myg with the largest number of data
subsets mg depending on r and [ (which is difficult to determine in practice). It would
be interesting to develop other efficient data-driven parameter selection strategies for
distributed spectral algorithms (even for the well known distributed regularized least
squares [23]) which can be rigorously justified in theory.

3. Related Work and Discussion

The study of spectral algorithms (1) has a long history in the literature of inverse
problems [8]. The generalization performance of these algorithms have been investigated
in the learning theory literature [12, 2, 5]. Let us mention some explicit results related
to this paper and demonstrate the slight improvement of our learning rates (12) for
the spectral algorithms (1) by removing a logarithmic factor from the existing results.
Note that the learning rates (12) coincide with the minimax lower bound proved in [4,
Theorem 3], and are optimal.

When the regularity condition (6) holds with 1/2 < r < v, it was proved in [2,
Corollary 17] that for

4r42

4\ 2r+3
N > <2\/§/€2 log 5) : (15)

with confidence at least 1 — 4,

__r_ 4
I fox— foll, < CN 2+ log 5 (16)

where C' is a constant independent of § or N. Let Py s be the event that (15) holds.
Then it follows from the definition of expectation that

Ellfox = N2 < Ell foa = fol 2 Pw.sl + 1 foa = Foll2IPA ), (17)

where PJ 5 denotes the event that (15) does not hold. Plugging (16) with sufficiently
small 6 (§ = N2 for example) into (17), we obtain

Ellfon ~ £l = O (N"#T10g V).
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This learning rate is almost optimal, but the extra term log N makes it suboptimal. This
extra logarithmic term arises since the confidence-based error bound O (N ~71 log %)

holds only when N is large enough satisfying the restriction (15). Recall that the
complexity condition (8) is always satisfied with the universal parameter § = 1. Our
derived learning rates (12) with this universal parameter choice § = 1 in (8) remove the
logarithmic term and make the learning rates optimal.

The learning rates in [2] are derived with the worse but universal parameter 5 = 1 in
the complexity condition (8), no matter how smooth the kernel K is. This phenomenon
was observed in [5] where learning rates of spectral algorithms (1) with a possibly
smaller parameter § € (0,1] in the complexity assumption (8) were provided. Under
the conditions (6) and (8), it was proved in [5, Theorem 2| that for

1
\— 4C5 log g et
N

and 2r 4+ § > 2, with confidence at least 1 — 4, there holds

_ o 2r 6 B
|foa— foll2 < CsN™ =% (10g 5) |

where Cy and (5 are constants independent of § or N. Again, this learning rate is
suboptimal since the optimal regularization parameter depends on the confidence level
d. Furthermore, when 2r + 5 < 2, the result in [5] needs additional semi-supervised
samples. Our derived learning rates (12) remove the restriction 2r 4+ 3 > 2 and provide
the optimal minimax learning rates with )\ independent of .

Distributed learning is a recent development for handling big data [13, 15, 22]. The
existing rigorous error analysis of distributed learning algorithms in the framework of
learning theory (or nonparametric regression) was originally given in [23] for the kernel-
based regularized least squares, the special case of the spectral algorithms (1) with the
filter function gx(c) = (¢ + A)~'. To demonstrate the essential difference between our
analysis in this paper and that in [23], we state a key assumption made in [23] on the
normalized eigenfunctions {¢;}; of the integral operator Ly that for some constants
2 < k <ooand A < oo, there holds

2%
supy,~o & l ¢\i/%) ] < A% when k < o0, )
SUP ). >0 (Zi}%) HOO < A, when k = oc.

Under this key assumption, for the distributed kernel-based regularized least squares
with {D;}7L, of equal size, the learning rate £ [H?D,A — pri] =0 (N_ﬁ> with

0 < 3 < 1 was derived in [23] when f, € Hg, A, = O (i7/F), X = N~ and

(k74)zkﬁ ﬁ
@ (W) , when k < o0,

1-8

@) (M) , when k = oo.

A%log N
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It shows that, under the regularity condition (6) with r = 1, distributed kernel-
based regularized least squares can achieve the optimal learning rate provided that
m satisfies (19) and (18) is valid. This result was proved by a matrix analysis approach
and the eigenfunction assumption (18) played an important role. There are three
differences between our results in this paper and those in [23]. Besides the broader
range of our results for the whole family of distributed spectral algorithms and the more
general regularity condition (6) with r > %, our analysis does not require the essential
eigenfunction assumption (18).

Remark. To illustrate our novelty further, we remark that the eigenfunction
assumption (18) for the integral operator Ly = Lk ,, associated with the pair (K, px)
could be difficult to verify. Besides the case of finite dimensional RKHSs, in the
existing literature, there are only these classes of pairs (K, px) with this eigenfunction
assumption rigorously verified: the Sobolev reproducing kernels on Euclidean domains
with normalized Lebesgue measures [19], periodical kernels [20], and kernels artificially
constructed by a Mercer type expansion

_ ¢2(x>¢z(y>
K(x’y)_;AZ\/X@’

}i is a given orthonormal system in Lgx. To demonstrate the complexity

(20)

bi(x)
Vi
of the eigenfunction assumption (18) as the marginal distribution py changes, take

where {

a different probability measure g induced by a nonnegative function P € LiX as
dp = P(x)dpx. By expanding ¢ = ) ., \/C—TQ in terms of the orthonormal basis
{bi}ier of Hi where I := {i: \; > 0}, we can see [11] that for Ay > 0,

LK,MQS = )\qu — KPC = )\()C,
where ¢ = (¢;)ie; and K¥ is a possibly infinite matrix given by

p_ [y [ 2@ %)
K? = (A/X o )\/rjdpx)mg. (21)

Hence the eigenpairs of the integral operator Ly, associated with (K, u) can be

characterized by those of the matrix KP defined by (21). Checking an eigenvector
condition for the possibly infinite matrix K? corresponding to the eigenfunction
assumption (18) is a challenging question involving multiplier operators in harmonic
analysis. The matrix K” is not diagonal in general, except the case when y = px and
P = 1. Moreover, an example of a C*> Mercer kernel was presented in [24] to show that

only the smoothness of the Mercer kernel does not guarantee the uniform boundedness of
bi(x)

Ai
kernels on X = [0, 1]* satisfies the eigenfunction assumption (18) when px is a general

the eigenfunctions { }i. Until now, it is even unknown whether any of the Gaussian
Borel measure.

Note that the condition (9) on the number m of local processors is more restrictive
than (19) imposed in [23] for the special case of regularized least squares and r = 1/2.
But a main advantage of our results is to remove the eigenfunction assumption (18)



Learning Theory of Distributed Spectral Algorithms 12

which was key in [23] to get less restrictions on m. It is a great challenge to derive
the optimal learning rates under the conditions imposed in this paper, without the
eigenfunction assumption (18), but with less demanding restriction (19) on m. Our
analysis is achieved by the novelty of using the integral operator approach and second
order decomposition of a difference of operator inverses. Similar analysis was carried out
in our recent work [11] for the special algorithm of distributed regularized least squares.
In this paper we are concerned with distributed learning with the general spectral
algorithms (1) rather than the regularized least squares. It has not been considered
in the literature, to our best knowledge. One of the advantages of distributing learning
with general spectral algorithms such as the spectral cut-off and Landweber iteration is
that the saturation of the distributed regularized least squares, stated by the restriction
r < 1, is overcome and faster learning rates with » > 1 can be achieved. Corollary 1
shows that, if the number m of local machines is not too large, then the learning rates
of the distributed spectral algorithm (3) and the spectral algorithm (1) implemented on
a “big” machine with the whole data set are identical.

Comparing Corollary 1 with Theorem 2, we find the regularization parameters A
for achieving the optimal learning rates are identical. Even though each local machine
accesses to only 1/m of the whole data, it is nonetheless essential to regularize as
we process the whole data set, which would lead to overfitting in local machines.
However, the m-fold weighted average reduces the variance and enables algorithm (3) to
achieve optimal learning rates. Though we are interested in using the general spectral
algorithms, other than the regularized least squares, mainly in the case r > 1 (at least for
overcoming the saturation) when the restriction (9), with the power exponent involving
;:;é, makes more sense, it would be interesting to relax the restriction (9) by other
approaches.

After the submission of this paper in January 2016, we found that similar analysis
was independently carried out for spectral algorithms by L. H. Dicker, D. P. Foster,

and D. Hsu in a paper entitled “Kernel ridge vs. principal component regression:
minimax bounds and adaptibility of regularization operators” (arXiv:1605.08839, May
2016) and for spectral algorithms and distributed spectral algorithms by G. Blanchard
and N. Miicke in a paper entitled “Parallel spectral algorithms for kernel learning”
(arXiv:1610.07487, October 2016).

4. Second Order Decomposition for Bounding Norms

Our error analysis is based on a combination of an integral operator approach [4, 18],
a recently developed technique [11] of second order decomposition of inverse operator
differences, and a novel idea for bounding operator products developed below in this
paper. The core of the integral operator method is to analyze similarities between the
empirical integral operator Lk p and its data-free limit Ly, since convergence rates
of corresponding schemes associated with Ly are easier to derive. Taking spectral



Learning Theory of Distributed Spectral Algorithms 13

algorithms for example, the data-free limit of algorithms (1) is

Irx=(Lk)Lk [,

According to the definition of the filter function and conditions (6), if r < v,, we see
from the identity || f|l, = | L}/ f|lx for f € Hx that

1/2 r—1/2)y 11/2 .
15 = folls < NZE* (ML) L = DL I wpll i < 9 X gl (22)

The classical method to analyze similarities between Ly and Ly p is to bound the
norm of operator difference L — Ly p. We refer the readers to [2, 4, 5, 7, 10, 11, 18, 21, 9]
for details on this method. In particular, it can be found in [4, 21] and [11] that for any
d € (0,1), with confidence at least 1 — ¢, there holds

4K2 2
Ly — L < ——log — 2
| Lx — Lrpl|l < N 0g 5, (23)
and
2
IAT + L) *(Lic = Lie.p)[| < Bipjalog (24)

5’
where B|p) » is defined by (7).

In our error decomposition for spectral algorithms, given in Proposition 2 below, we
use the norms of the product operators (Lx+MI) (L p+A) "t and (Lx p+A)(Lg+AI)~!
which also reflect similarities between Lk and Lk p, as seen from equation (26) below.
In this section, we present tight bounds of the product norms by using the second order
decomposition of operator differences. This is the first novelty of our error analysis
carried out in this paper.

Let A and B be invertible operators on a Banach space. The first order
decomposition of operator differences is

At —-Bl'=A"YB-AB'=BYB-A)A". (25)
It follows that

A'B=(A'"-B YB+I=A"(B-A)+1. (26)
Let A= Lk + A and B = Lg p + AI. We see from (26) that

(L + A (Lo + A < (L + A7 I(L + M) ™2 (Liep — L) || + 1.

Since ||(M + Lg)~Y?|| < 1/V/A, it follows from (24) that with confidence at least 1 — 6,

there holds
—log - + 1. 27
7 %85 (27)
To bound the norm of (Lx+AI)(Lk p+AI)~!, the first order decomposition (25) is
not sufficient due to the lack of an appropriate bound for ||(Lx.p+A)~"Y?(Lgx p—Lk)||.
We need to decompose A~ = A=' — B~'+ B! in (25) further. This is the second order

decomposition of operator difference, which was introduced in [11] to derive optimal

(L + M) (Lgp+ A <
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learning rates of the regularized least squares. It asserts that if A and B are invertible
operators on a Banach space, then (25) yields

At - B '=BYB-AA ' (B-AB'+BYB-AB!
=B ' (B-ABYB-AA"+B Y (B-AB. (28)
This implies the following decomposition of the operator product
BA™' =(B-A)B Y B-AA '+ (B-AB*+1. (29)

Inserting A = Lx p+ Al and B = Li + A to (29), we obtain the following upper bound
for ||[(Lg + N)(Lixp + M)
Proposition 1. For any 0 < § < 1, with confidence at least 1 — ¢, there holds

(BD)\ lOg%)2 I 1

Proof. We apply (29) to the operator A = Lg p+ Al and B = Lg + \I. Applying
the bounds [[(A + Lg.p)~!| < 1/X and ||(M + Lg) /2| < 1/V/X gives

IAT + Lic)(M + L)™'l < [(M + L) ™?(Lic = Licp) [PA™
+ |+ L) V3(Li — L p) A2+ 1.

(Li + M) (Lg.p+ M7 <2

Here we have used the fact that
Ly Lol = [[(LaLo)™|| = || L3 LT || = || Lo Ly ]|

for any self-adjoint operators L, Ly on Hilbert spaces. Applying (24) yields

Bipialog 2\% /By log 2
H()\]—l—LK)()\]‘f‘LK,D)_IH < (%) + (%) +1

2
<BD,)\ log%) 1 ’
VA
which proves our result. []

An upper bound of |[(A + Lg)Y?(M + Lk p)~Y/?|| was presented in [3], as Lemma
A.5, asserting that if

[(Lg + M) YV*(Lgp — L) (L +X)7Y?| <1 =7 (30)

<2

for some 0 < n < 1, then

1
I+ L) 2 (AL + Liep) ™2l < —

N
The condition (30) with 0 < 1 < 1 requires the sample size N to be large enough. As
discussed in Section 3, this restriction imposes a logarithmic term in error estimates,
which makes the obtained learning rates suboptimal. We encourage the readers to
compare our Proposition 1 with Lemma A.5 of [3]. The operator product norm estimates
in Proposition 1 plays a crucial role in our integral operator approach. In particular,
based on the estimate of ||(AI+ Ly )(A+Lk p) ||, we present a new error decomposition
technique for spectral algorithms in the next section.
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5. Deriving Error Bounds for Spectral Algorithms

To analyze the spectral algorithms (1), we introduce a new error decomposition
technique, the second novelty of our error analysis. Since we do not impose any
additional Lipschitz conditions to the filter function gy, it is not easy to bound the
difference between fp ) and fi. We turn to bounding the difference between fp ) and
its semi-population version E*[fp )], where

E*[fD,A] = E[fD,A|$1,---,SCN]

denotes the conditional expectation of fp  given x1,...,zy. Since f, = E*[y], we then
have from (1) that
E*[fpa] = 9x(Lx,p)Li,pfp (31)

and the triangle inequality
[fpx = Follo < fox = E*[falll, + 1E*[foa] = follp-
For the first part, since ||L}(/2()\I + Lg)~Y2|| < 1, we have
[fpA = E*(fo)l, = ‘ Ll (for - E*(fD,A))HK
< N+ L) (fox — E*(fo)]| c -

Denote

Ap= 3 - fa)K.. (32)

|D| (z,y)eD
It follows from the definition of fp ) and the property (4) of the filter function that

| fox—E*(fp)ll,

[(AI + L) (AL + Li.p)~"*(AM + L, p)"*g9x(Lk.p) Ap ||

I(AL 4+ L) > (M + Lge,p) ™ lgr(Lc.o) AT + L p) (A + Lic.p) />
(A + L) PN + L) Ap| x

< 2 ||(AT + Li) (AT + Lic.p) 2| (M + Li) ™2 Ap || -

<
<

For the second part, we have
1E*(fo) = £oll, = |[ L2 (r(Ex0) Ecn = 1),

|M + Li) 2 (9n(Lie.p) Lico — D) fy|
[T+ Lic) 2(M + Lic.p) ™| || (M + Lic.p)*(9r(Licp) Licp — D) | -

All the above discussion yields the following error decomposition for the spectral

K

<
<

algorithms.
Proposition 2. Let Ap be defined by (32). Then we have

||.fD,>\ - fp”p S Il + IZa
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where
Iy = 26 ||(AT + L) >\ + Licp) 2| | (M + L) A0 |
L= ||\ + Li)"?(A + LK,D)_1/2H (AT + Lg,p)"*(9x(Lx.p)Lx,p — I)fPHK'
The error decomposition presented in Proposition 2 is different from that in [2]
or [5]. In fact, it can be found in Equation (26) of [2] that the difference Lx — Lk p

rather than the operator product (Lg + Al)(Lk p+ A)~" is used to analyze similarities
between Ly and Ly p. The error analysis in [5] needs an additional truncated function

)t\?“ = P)xfm
where P, is the orthogonal projector in LiX defined by
P)\ = @)\(LK),

with ©,(c) =1 for 0 > X and ©,(0) = 0 for ¢ < A. Our error decomposition does not
require such a truncated function and uses the operator product to analyze similarities
between Ly and Lg p.

Based on the new error decomposition technique presented in Proposition 2, we
should bound three terms: ||(AI + Lg)"*(A + Lg,p) 72|, |[(A + Lk) " /2Ap|| . , and
H()\I + Lg.p)*(gx(Li.p)Li.p — I)prK . To bound the first term, we need Proposition
1 and the following lemma about norm estimates for products of powers of two positive
operators. It was proved in [1, Theorem I1X.2.1-2] for positive definite matrices and then
provided in [3, Lemma A.7] for positive operators on Hilbert spaces.

Lemma 1. Let s € [0,1]. For positive operators A and B on a Hilbert space we
have

[A*B°[| < [|AB]]*. (33)

Applying the above lemma to A = A + Lx and B = (A + Lg p)~!, we get from
Proposition 1 the following result.

Lemma 2. Let A > 0,0 < s <1and 0 < ¢ < 1. Then, with confidence at least
1 — ¢, there holds

. o= o | (Bioialos3)* ]
[(AL + L )* (A + L,p)°|| <2 [( 7 ) +1] .
The second term ||(AI + Lk )""/?Ap||, can be bounded by the following lemma
found in [3] or [4].
Lemma 3. Let 0 € (0,1), and D be a sample drawn independently according to
p. If ly| < M almost surely, then with confidence at least 1 — §, there holds
2
5
To bound the third term H()\I+LK7D)1/2(gA(LK7D)LK7D — I)prK, we need the
following two lemmas. The first one can be found in [3, Lemma A.6], and the second

2M
||()\[+ LK)_1/2ADHK < TB|D|,)\ log

one is derived from properties (4) and (5) of the filter function g,.
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Lemma 4. For positive operators A and B on a Hilbert space with [|A], || B < C
for some constant C > 0, we have for t > 1,

|A* = B*|| <tC'™H|A - B|. (34)
Lemma 5. For 0 <t < y,, we have
1(gr(Li,p)Lr,p — I)(M + Licp)'|| < 2'(b+1+v) X" (35)

Proof. Recall from the introduction that {(o,¢X);} is a set of normalized
eigenpairs of L p with the eigenfunctions {¢}; forming an orthonormal basis of H.

Then for each h € Hy, we have h = > (h, ¢X)¢¥ and ||h]|% = D, (h, ¢F)*. Hence
I(9r(Lx.p)Li,p — I)(A + Li,p)"hl x

[e.e]

D (h dF) (ga(oF)or — (A + o7)' gy

i=1

K

. 1/2
- {Z [(h 6 (gr (7)o - 1><A+az‘>t}2}

i=1

~ 1/2
< {Z lga(oX)or = 112\ + <a;<>t>}2}

i=1

o0

1/2
<2+ 14y {Z(UL, ¢§‘>)2} =20+ 1+ )N || A -

i=1
The last inequalities hold due to properties (4) and (5) of the filter function g, and the
elementary inequality (¢ + d)! < 2(c! + d*) for any ¢,d,t > 0. Then our result follows
from the definition of the operator norm on Hg. [
Before presenting the proof of Theorem 2, we give the following proposition.
Proposition 3. Assume (6) holds with 1/2 <r <w,. If 1 <r <3/2, we have

1fpa = follp < 20ED[|(M + L)~ 2Ap |l +27(0+ 1+ ) ||, A =D,
where
=p = (M + Lie) (M + Lic.o) ™I (36)
If% < r <y, we have
1o = Follo < 26Zpl|(A + Lic) ™ Apllic + Copllugl, =5 (VAL = Lic.ol| + X,

where C} . is a constant depending only on b, r and .
Proof. We estimate the two parts I; and I in Proposition 2. For Iy, recall the
notation Zp = ||[(A + L )(M + Lg.p)~'|| and by Lemma 1 with s = 1/2, we have

I < 202p||(M + L) 2 Ap ||k
Now we estimate
o= 0 + L) 20 + L) ™2 ||V + Lic o) 2(on (L o) e — D
H1/2H (M + Li.p)"*(9x(Li,p) Lo — 1) fol| - (37)
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The regularity condition (6) with 1/2 < r < v, means f, = Lju, for some u, € L2 .
To estimate the term H()J + LK,D)l/z(gA(LK,D)LK,D — I)prK, we consider two cases
according to different regularity levels as follows.
Case 1: If r € [1/2,3/2], we have
(M + Lip)"*(9x(Lic.p) Lic.o — D || ¢
= | AL+ Lico) 2 (oa(Lip) Lo = DI L0y ||
= [[(M + Li.p)"*(9x(Lx.p) Lic.p = I)(M + Lic,p)" ™ "*(AI + Lic,p) " ~"/?
T+ L) PO+ Lie) VDL L
< lor(Lrp) Lo = DN + Lico) | [l

where the last inequality follows from Lemma 1 with s = r—1/2 € [0, 1], and the bound
(AT + L)~ =YD L72|| < 1. Thus,

Iy < ||(9a(Lx.p)Lr,p — I)(M + Li,p)" | Zpllupll,-

Combining the above estimates and Lemma 5 with ¢ = r yields
I <27(b+ 1+ v)||up|| ,A"ED. (38)
Case 2: If r > 3/2, we decompose H M+ Lk p 1/2 (9(Lk,p)Lkp — [)prK as

)Y
(M + Li.p)"*(9r(Lk.p) Lo — I) follx
= M + Lie.o)(93(Lic.o) Lo = D(Li) ™ Lif*uy |
<N+ Lie.p) "(9a(Lic.p) Lic.o — 1) (L)l - (39)
By adding and subtracting the operator (Lg, p) /2, we can continue the estimation as
I(A + L,p)""*(9x(Lre,p) Lie,p — 1) (L) 2|
< WA+ Lk p)"*(9r(Li,p)Li,p — I)((Lk)"™* = (Lg,p) /3]
(AT + Li.p)"*(9x(Li.0) Lic.o — I)(Lwe,p) 7.

Since r > 3/2, applying Lemma 4 to A = Lx and B = L p witht =r —1/2 > 1, we
have
I(Lr)™ = (Liep) 2|1 < (r = 1/2)* || Lic = Lic .

Combining this observation with the bound |[(A + L p)"~Y?(Lg.p)"*?|| < 1, and
applying Lemma 5 with ¢t = 1/2 or t = r, we know that
I(AL + Li,p)"*(g(Lx,p) Lo — I)(Li) '
<A+ Licp) " (9a(Lk.p) Lo — 1) [[(r = 1/2)5" ~*|| L — Lic |
+ [(9r(L,p) Lic,p — I)(M + Li,p)"|
< (b+1+71)(r = 1/2) VN L = Licpl| + 27 (0 + 1+ 3) A"
< Cb,r,n(\/XHLK — Lipl + "),

where Cy,., = (b+ 1+ 7%)(7“ —1/2)k* 3 +27(b+ 1 +~,). Putting the above estimates
into inequality (39) yields our desired error bound. [
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Now we are in a position to prove Theorem 2.
Proof of Theorem 2. By Proposition 1, for § € (0,1), there exists a subset Z(‘;ﬁ)‘
of ZIPl of measure at least 1 — ¢ such that

VA

By Lemma 3 there exists another subset Z(‘;g‘ of ZIPI of measure at least 1 — ¢ such that

B‘D‘)\logg 2 |D|
Zp = ||(M + Lg)(M + Lg.p)t|| < 2 <75) +1|, VDe z].

2M 2
I(M + L) 2 Apl|x < —Bipjalog <.
According to (23), there exists a third subset Z(‘;g‘ of ZIP! of measure at least 1 —§ such
that

vD € 2)).

4k%log 2
VID|

Put the above observations into Proposition 3. When r € [%, %], we know that for

D e 2{"'N 2}, there holds

Lk — Li,pl| < vD e 2z

B log 2 2
|mu—nmfﬁ%[¢%%ﬂ)+quﬂ%g
"(b 3 | (Boialos)? '
HAT(b 4+ 1+ )l ey +1
<C [(s[,?xlogg)? +1

:| max{1,7}
where C' = 88 4 47(h+ 1+ +,)||u,||,. Then our first desired bound is verified by scaling
20 to é.
When r > 2 for D € Z(‘;ﬁ)‘ ﬂZJSg' ﬂZJSg', there holds

2
(BD,)\ log%) I 1

(Bipjalog 3 + A7),

8Mb
I £oa = foll, < =

2
log 2
Y Bip|.xlog ;

B 1022 )\% 2
+¢xwﬂwmlﬁﬂ%§ﬁ)+1 4ﬁ<mal%5+x

BD,\log%)z 2 ()\)% 2
———=0 ) 41| |Bpalog = + | 7= | log =+ A"
( % Pt \pl) s

where C' = B0 4 \/2C, . |ju,||,(4k* + 1). Then we get our first desired bound for
| fo.x — foll, by scaling 39 to 4.

To prove the second desired bound, we notice from the condition N'(\) < CoA=?,
and the choices 1/2 <r < vy and A = N_ﬁ that Bjp)» can be bounded as

1
2

<C

)

2K K r
B = —<¢— + N)\}<2 24 Co)N ™ 2+,
i = e { e VRO | < 20 4 5/

and

Bipa\ 2 2
b <
(ﬁ) +1_4(f€ Tk CO) 1.
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Putting the above observations into our first proved bound, we know that when
r € [3,3], with confidence at least 1 — 0, || fpx — f,|l, is bounded by
max{1,r}

~ 2 i
C {4 </<;2_|_I<Q CO> —l—l} (2,%2_'_2% /Co+1)N_m(10g%)4

= CN™77 (log %)4,
- max{1,r}
where C' = C [4 (k2 + m/C’o)2 + 1} (2% + 26/ Co + 1).
When r > 2, with confidence at least 1 — 4, || fp.x — f,|, is bounded by

2r+p8+1

C {4 </<52 + K 00)2 + 1} [(2;& +2ky/Co+ 1)N %7 + N~ 2(2r+ﬁ>] (log §>3

< ON"5 (105 )",

where C = 2C [4 (H2 + m/C’o)2 + 1] (/<o2 + kv Cy + 2) . This proves our second desired
bound (11) for || fpx — foll,-
Finally, we apply the formula

Ble] = /0 " Probl > f]dt (40)
for nonnegative random variables to & = || fp,x — f,[|% and use the bound

Prob [¢ > #] = Prob [5% > t%] < Gexp {—é—%NWt%}
derived from (11) for t > Clog 6*N ™%+ . Then

E[lfox - £I?] < C?log 68N~ =55 + 6/0oo exp {—é—%Nmt%} dt.
The second term equals 48C2N 715 J” u¥texp {—u} du. Dueto [;~ u?'exp {—u} du =
I'(d) for d > 0, we have

Ellfox— pri] < (6I'(9) + log 68)(3’2N_2r2—1ﬁ,
This completes the proof of Theorem 2. [J

6. Proving Main Results for Distributed Algorithms

To present the proof, we need an error decomposition for the distributed spectral
algorithms (3).

Proposition 4. Let f, , be defined by (3). We have
. a|2 .

ElFpa—1l) Z E [Ilfpn — £+ Z%HEfDA A
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Proof. Due to (3) and } 7" 1% =1, we have

Z%fm—f,»

2

||7D,>\ - fp“i =

p

Zu;'lz s — fp,|2+z'|D| <ij,A—fp,Z'|D’“|'<ka fp>>-

k#j p

Taking expectations gives

E |:||?D,)\_fp|| Z |D|2 ||fD] fp”?)]

Z%< o, o0 = for ELf o) — fo — ‘|ll))||( LDyl — fp)> .

But
| Dy - _ _
)3 5 Bl (B, lFo,0) = J BFoal = £), = B [(Fon — o BT ol ~ ),

= ||E[Foil - £l
So we know that E [|[fpy — f,lI2] equals

m

m D B
Z||D||2 (10,0 = £l Z|D|2 |Elf,ol = 5|2+ | EF o) — £

Furthermore, by the Schwartz inequality and Z il = 1, we have

=1 [D]
| D] C & D, il
Zj Elfp;a] = Z B = £, (42)
Then the desired bound follows. [

The estimate (42) for the general distributed spectral algorithms is worse than
that for the distributed regularized least squares presented in [23, 11|, which leads to
the restriction (9) on the number m of local processors. It would be interesting to

IE[fpal=foll =

improve this estimate, at least for some families of spectral algorithms by imposing
some conditions on the filter function g,.

By using Proposition 4, we can now prove Theorem 1.

Proof of Theorem 1. We apply the bound (41) in Proposition 4.

The proof in the case % <r< % is easy. We apply Theorem 2 to the data set D;
with an arbitrarily fixed j = 1,2,...,m, and with confidence at least 1 — ¢,

Bin,a) " 4\'
Hij’)\ — prp <C W +1 (B\Dj\,)\ + A ) logg .

Using (40), it is easy to derive
Bo.ix\?
( |DJ|,A) +1
A

max{1,r}

E|lfp,x— foll } < 4T'(9)C?

Q‘
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Then the first term in bound (41) can be estimated as

Eﬂww 5,0~ £,l2]

§4F(9)C2i|\D\|2 [(B%A) +1

max{2,2r}

We turn to estimate the second term of (41). For each fixed j € {1,2,...

Jensen’s inequality, we have
HE[ij,A] - fp”p < E[||E*[ij,x\] - fp”p]-

The proof of Proposition 2 and the bounds (37) and (38) tell us that
HE*[ij,A] - fp”p <2"(b+1+ %)HU/JHPYEBJ--

It follows that
1B, = folls <270+ 1+ 30 |,V E 23]

(Bip,ja+A7)".

22

(43)

,m}, by

(44)

Applying Proposition 1 to each fixed j € {1,...,m}, with confidence at least 1 — ¢,

there holds

Bip xlog 2\ 2
EDJ-SQI(i'D]'\’;XOg‘;) —|—1].

Use the expectation formula (40) for the nonnegative random variable £ = =p, and

1 1 )\1/2t2r
Prob[¢ > t] = Prob[{r > tr] < 2exp | — IR

V2B 5+
We find

E [ ] <9 / b N2t d
=h 1 < exp | — t,

BD_A)2 ’
Ar9T I
(%

Due to [~ u* " exp {—u}du =T(2r) we have

B\
=r r+2 |D;],A
E [_Dj] < rI(2r)2 [(—ﬁ ) +1

Inserting the above estimate to (44), we have

which equals

/ u* " exp {—u} du.
0

T

Bip. 2
||E[ij,)\] —follp < TF(QT)22T+2(5+1+%~)||Up||p)\r [( lDJ,A) +1

VA

T

.(45)
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J ]
( \/X

+ 2 T2(2r) (b + 14 7,) 22w, | vrz |D;

Combining (41), (43) and (45) we have

max{2,2r}

(Bp,ja+A7)°

5 2r
(BDj7)‘) 11
N .
This proves the desired bound in the case 1/2 < r < 3/2.
The proof in the case r > 3/2 is more involved. Again we first use Theorem 2 to
bound E[||fp, » — f,||7] and obtain

D 2
Z LB (1,0 £

< 6P(7)C2§m: ||l;||2 [(B'%*) +1

Then we estimate

ElITpn— 12 < 41(0 022 o

IDI

2 1
2

)\ I8
B|DJ|)\-|—<|D |) + A

. (46)

1E[f ;0] = follo < ENE*[fp,;0] = follo
for each fixed j as in the proof of Proposition 3 to have
ol
1B ) = Folls <2, || + Lic,) (93 (Lico,) Lo, = DLy | gl

1 1
=0, 1(9x(Lk.p,) Li,p; — I)(Lk,p; + M) [[[[upll, + =5, ||Up||p
I(Li.p, + AD)*(gr(Lic.p,) Lic.p, — 1) ((Lic.p, + M) "2 — (Lic + AI)"~2)]
=. Bl,Dj + BQ’DJ..

IN

The first term B, p,; above can be estimated easily from Proposition 1 and Lemma 5:
with confidence at least 1 — d, there holds

VA

The most technical part of the proof is to estimate the second term By p, above.
We shall do so in two different cases on the following operator decomposition

(LK,D]» + )\])r—l/2 N (LK + )\[)7‘—1/2
— (L, + ) (i, + M = (Lo, + A1) (Lic + ATy 1)
= (Lk,p, + M) ((Lk,p, + A3 (L + AI)™=3/2)
+ ((Lic + AD ™ = (Lo, + AD ™) (L + A1),
Case 1: 3/2 <r <5/2. In this case 0 < r — 3/2 < 1. Then,
(LK,D]» + )\])r—3/2 — (Lg + )\[)7‘—3/2
= (Lk,p, + A =3/2 (I = (Lg,p, + M)~ (=3/2) (L1 + NI)"~ 3/2)

1/2
Bip. . log 2\ 2
By p, <2712 [(Dig) +1] lupllp(b+ 14+ 1) A" (47)
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and
(Lg +MX)7' — (Lg,p, + AN (L + )\I)r—1/2
= (Lx + M) (Lk,p, = L) (Li,p, + M)~ (Lic + XI)"" /2.
Thus we have
By p, < H1/2||up||p H (Lk,p; + )J)l/z(g,\(LKD )Li.p, — I)(Lk,p; + \)
((Lr.p, + M) (I = (Li.p, + M) ™" (L + A)"72/7)
+ (L + M) (Lie,p, = Lic) (Lo, + M) (Lic + A7) |
<= luplly || (93(Lic.,) Licp, = D)(Lic.p, + )|
) (1+ H (Li,p, + AI)™ (r=3/2) (L + AI)"~ 3/2H
””2||up||p (07 (L0, Lo, — 1) (Lo, + D2

e AL, = L) |2, B+ 20

Since 0 < r —3/2 < 1, we have from (33) that
(L, + M) (L + ATy =22 < =592,

It follows from (24), Lemma 5, and || Lx|| < £? that there exists a subset Z(lggjl of ZIPil

with measure 1 — ¢ such that for D, ZJ;DI |,

Byp, < Ep7lupllp 2" (b + 1+ 7)A (1 + 25, %)
= 2
+ (20)°Z) ltgllp (0 + 1+ 73/2)ABip 2 log 5.

According to Proposition 1, there exists a subset Z(Isg” of Z(Ifl)j |

such that for D; € ZJ;’DQH,

with measure 1 — 20

r—1

By p, < 4"||u,ll,

Bip,alog 2\’
(2258 1] e rey

VA

Bip. alog 2\ >
( IDJ‘v)‘ Og5) _I_l
VA

3/2
Bip,xlog 2 2
< [Jull, [( 7J\/X 5) +1

2
X [4T(b + 147N + (26)*V2(b + 1+ 73/2) ABp, 2 log 5

This together with (47) tells us that with confidence at least 1 — 6, [[E*[fp, z] — foll, is
bounded by

3/2

2
|2l o (b + 1+ 73/2)AB|p;| 2 log <

+ (26)3V2 5

27‘-1—1/2

Bip|»log 2 2 2
|D|,A 108 5 r
< NGY 5) ""1] [upllp (b + 14 7,)A
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3/2
BD.Alogé)z
+ ||lu b7 20 +1
gl | (222
4
X [4T(b + 14 7)A + (26)°V2(0 + 1+ 73/2) ABjp, .2 log 5}
3/2 .
- | (B, \? 4
< / VAR 1 T . l =
<C ( 7 ) + (A" + ABp, A <og5> :

where
C" = |Jup|l, max{ (22 + 4 (b + 1+ 7,), (26)*V2(b + 1 + 732)}.  (48)

Then, using the formula (40), we have

i Bin 9 3/2
Bl E*[fo,0] = f,ll,] < 4C'T(5) ( 'Dﬁ') +1| [V +ABp, ]
This means
. Bp.o\2 |
IE[fp;2] = foll2 < (4C'T(5)) [( 5;) +1| [N+ ABip, ]

The above estimate together with (46) and (41) yields

BlITon 5l <srneyo 1 (B 2
D, plipl — = |D|2 \/X

B AL A"
oo ()

) 1 T/Bpa\2 T
+(4OT(5))2Z||%|| [( JXM) 1

j=1

[)\T + )\B\Dj\,)\f .

This verifies the desired bound in the case % <r< g

Case 2: r > 5/2. In this case, we do not need to apply Lemma 2 to control the
norm of a product operator. Instead, we can apply Lemma 4 directly (but lose the
advantage of a tighter index r) to get

Bap, < 2 gl [|(Lie., + A1) (9r(Lic.p,) Lic.p, — I)(Lic.p, + AI)
. (((LK,DJ- + )\I)r—3/2 N (LK + )\I)r—3/2)
+ (L + M) "M (Lie,p, = Lic) (Lo, + M)~ (Lic + M) |
It follows from Lemma 5 that
By p, < 23/2(b +1+ 73/2)>\3/251D/]»2Hup||p

_ 2% 2r—3 3
. <(7’—3/2)/€2T_5||LK,DJ- —LK||+:DJ( \)[\ (L + AI)™* (L p, —LK)H)'

From Proposition 1, (23) and (24), with confidence at least 1 — 4, there holds
1/2

Bip, alog 8
(%) 1l

Bipalog§\° ] (2e)7 6
(F2570) 1| B waie ).

Byp, <4(b+1+ Y372) A2

2
. <(r B 3/2)/@2’"_54K log6/6

| Dl
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Combining the above estimate with (47), we obtain, with confidence 1 — 9,

* r+1/2 B‘Dj|7>‘ log g ’ v r
I oyl = flly <2747 [ (F2EZE8 ) 1l (b 1+ 3002
1/2
Bip. »log 6\
P A+ 14y |(FREZES) gl ),
_4k21log6/6 (B|D,Alogﬁ)2 (2k)% =3 6
— 32T = — 20 ) 41| ————Bip.alog =
((T / )'% \/W \/X \/X |Dj|A 0g 5
3/2 A
%) | (15)
g L 1 AT+ NP2 ABip, log —
= ( I + + D, + ABp;|a og 5)
where
C" = ||u, ||, max{2™2(b 4+ 1 +,),4(b + 1 + v3/2) (7 — 3/2)K* >, 8(2b + 73/2) (26)*"*}.
By (40), we have
* " B\Dj\v)\ ’ v r 3/2
E[|E*[fp;A] = follo] = C"6I'(5) r +1 AT A |¢+A@mu
J

Hence

VA

The above estimate, together with (46) and (41), tells us that E[[|f, y— f,/|2] is bounded
by

|Dj

3 2
Bipia\> 1
|E[fn, 5] = f,|I> < (C"6T'(5))? [( 'DM) +1 (AT+A3/QT+ABDj,A> .

A\ 2
Bip,a+ (—) A
=l | Dl

3 2
1
(X‘ + Ny )\B|Dj|7>\> .

VID;!

This proves the desired bound in the case of r > 5/2. The proof of Theorem 1 is

2
" D2 |/ Bipia\2
oS5 | ()

+(C"6r(5))2 Y 'i;” [(B %ﬁ +1

i=1

complete. []

Proof of Corollary 1. Putting the choice A = N~/ 8 into condition (8)
yields N'(\) < CoNA/Cr+8) - For 1/2 < r < 3/2, since m < N@—D/@+8) and
|Dy| = |Ds| = ... =|Dy|, we have

NN 1-2r
—= < COmN%*"} < Co.
AlDj|

We also have, for each 7 =1,...,m,

B\Dj\,)\ . 2I<L K (ke
v ‘mm{wwﬁm}g( Ve
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and
|Dj‘ 2 4r?

—Bp < —
D] s IDI{\/—|D

Then by Theorem 1,

+ / } <4/€ CO)2N_2T/(2T+6)-

Ellfpy— fol7] < g (4K%(k + V/Co)*)* (4% (k + /Co)? + )N_zf—iﬁ

where
C = C(4r(k + v/ Co)®)P(4r2(k + /Co)? + 1).
For r > 3/2, since m < N¥+9) we have

D

and
)\2B\D 2 < < 41{ /f‘l‘ / 27“/ 27’-1—5
So by Theorem 1, we have

Bl pa— ol < O G + 1% (8k2(s + \/Co)? + )N

m

= C’ N~ 2r+ﬁ7
where
C' = C(4r*(k + /Co)* + 1)3(8K%(k + /Co)? + 3).
This completes the proof of Corollary 1. [
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