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Abstract

Pairwise learning usually refers to a learning task which involves a loss
function depending on pairs of examples, among which most notable ones
include bipartite ranking, metric learning and AUC maximization. In this
paper, we study an online algorithm for pairwise learning with a least-square
loss function in an unconstrained setting of a reproducing kernel Hilbert s-
pace (RKHS), which we refer to as the Online Pairwise IEaRning Algorith-
m (OPERA). In contrast to existing works [18, 36] which require that the
iterates are restricted to a bounded domain or the loss function is strongly-
convex, OPERA is associated with a non-strongly convex objective function
and learns the target function in an unconstrained RKHS. Specifically, we
establish a general theorem which guarantees the almost surely convergence
for the last iterate of OPERA without any assumptions on the underlying
distribution. Explicit convergence rates are derived under the condition of
polynomially decaying step sizes. We also establish an interesting property
for a family of widely-used kernels in the setting of pairwise learning and il-
lustrate the above convergence results using such kernels. Our methodology
mainly depends on the characterization of RKHSs using its associated inte-
gral operators and probability inequalities for random variables with values
in a Hilbert space.

1 Introduction

For any 7' € N, the input space X is a compact domain of R? and the output space
Y C R. In the standard problems of regression and classification [14, 32|, one con-
siders learning from a set of examples z = {z; = (x;,y;) € X x Y :i=1,2,...,T}
drawn independently and identically (i.i.d) from an unknown distribution p on



Z = X x ). Associated with a specific learning problem, typically a univariate

loss function ¢(h,z,y) is used to measure the quality of a hypothesis function
h: X —= ).

This paper is motivated by the recently growing interest in an important family
of learning problems which, for simplicity, we refer to as pairwise learning problems.
In contrast to classical regression and classification, such learning problems involve
pairwise loss functions, i.e. the loss function depends on a pair of examples which
can be expressed by /(f, (z,y), («',y)) for a hypothesis function f: X x X — R.
Many machine learning tasks can be formulated as pairwise learning problems.
Such tasks include ranking [1, 10, 13, 17, 25|, similarity and metric learning [5, 8,
11, 35, 40], AUC maximization [44], and gradient learning [21, 22|. For instance,
the task of ranking is to learn a ranking function capable of predicting an ordering
of objects according to some attached relevance information. It generally involves
the use of a misranking loss ((f, (z,y), (2",vy)) = L{y—y)f(@e)<0} OF its surrogate
loss £(f, (z,y), (2, y") = (1—(y—y) f(x,2'))?, where I(-) is the indicator function.
The goal of ranking is to find a ranking rule f in a hypothesis space H from the
available data that minimizes the expected misranking risk

R(f) = / /Z U ), ol ol ). (11)

In this paper, we assume that the hypothesis function f : X x X — R for pairwise
learning belongs to a reproducing kernel Hilbert space (RKHS) defined on the prod-
uct space X? = X x X. Specifically, let K : X2 x X2 — R be a Mercer kernel, i.e. a
continuous, symmetric and positive semi-definite kernel, see e.g. [14, 32]. Accord-
ing to [2], the RKHS H g associated with kernel K is defined to be the completion of
the linear span of the set of functions {K (. (-) := K((x,2'), (-,-)) : (z,2") € X?}
with an inner product satisfying the reproducing property, i.e., for any 2/, € X
and f € Hi, (Kuay, flx = f(z,2').

Recently, a large amount of work focuses on pairwise learning algorithms in the
batch setting in the sense that the algorithm uses the training data z at once. A
general regularization scheme in a RKHS Hx for pairwise learning can be formu-
lated as

K

1 d A
fay) = arg ffgiin {m Z Oy (i, yi)s (25, 95)) + §||f||12r<}- (1.2)

i,j=1

i#
where A > 0 is a regularization parameter. The above general formulation was
studied for ranking [1, 25| and metric learning [5, 8] under choices of different
pairwise kernels (see further discussions in Subsection 2.1). Their generalization
analysis was established using the concept of algorithmic stability [1], robustness
[5] or U-statistics and U-process [8, 13, 25]. However, there is relatively little
work related to online algorithms for pairwise learning, despite of its potential



capability of dealing with large datasets. Until most recently, [36] established the
first generalization analysis of online learning methods for pairwise learning in the
linear case. In particular, they showed online to batch conversion bounds hold true
which are similar to those in the univariate loss function case [9].

In this paper, we study an Online Pairwise IEaRning Algorithms (OPERA)
with a least-square loss function in a reproducing kernel Hilbert space (RKHS).
In particular, a general convergence theorem is established which guarantees the
almost surely convergence of the last iterate of OPERA. Explicit convergence rates
are derived under the condition of polynomially decaying step sizes. In contrast to
existing works [18, 36, 37] which require that the iterates are restricted to a bound-
ed domain or the loss function is strongly-convex, OPERA is associated with a
non-strongly convex objective function and learns the target function in an uncon-
strained RKHS (see more discussions in Section 3). Our novel methodology mainly
depends on the characterization of RKHSs using the associated integral operators
and probability inequalities for random variables with values in the Hilbert space
of Hilbert-Schmidt operators.

The paper is organized as follows. Section 2 introduces OPERA and presents
main results together with particular examples of specific pairwise kernels. Section
3 discusses the related work. Section 4 presents novel error decomposition for
analyzing OPERA and establishes the associated technical estimates. The main
results are proved in Section 5. The paper concludes in Section 6. The proofs for
technical lemmas are postponed to the Appendix.

2 Main Results

In this section, we introduce an online pairwise learning algorithm associated with
the least-square loss £(f, (z,y), («',y")) = (f(x,2") —y+v')? in a reproducing kernel
Hilbert space H g, and state our main results. In particular, denote the true risk,
for any function f: X x X — R, by

E(f) = // (f(w,2") =y +y')dp(a,y)dp(a’, ).
ZXZ
Define fp by the difference of two standard regression functions, i.e.

Fola ') = /X ydplylr) — /X ydp(yle') = fo(x) — £ (). (2.1)

Denote by Li(?( %) the space of square integrable functions on the domain X x X,
i.e.

vt = { e s ralsl, = ([ 1@ dosterionte)) < oo},
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where py is the marginal distribution of p over X. Similar to the standard least-
square regression problem (see e.g. [12]), the following property holds true

EF) =) =If = LI

Consequently, f; is the minimizer of the functional £(-) among all measurable func-
tions. Through out this paper, we refer to f, as the pairwise regression function.

In this paper, we study the following online pairwise learning algorithm which
aims to learn the pairwise regression function f, from data.

Definition 1. Given the i.i.d. generated training data z = {z; = (x;,y;) : i =
1,2,...,T}, the Online Pairwise [EaRning Algorithm (OPERA) is given by f1 =
fo=0and, for2 <t <T,

t—1

i
fro1 = fr — t_t 1 Z(ft(fft,fj) — Y+ yj)K(xt,xj)y (2-2)
j=1

where {7y, > 0:t € N} is usually referred to as the sequence of step sizes.

OPERA is similar to the online projected gradient descent algorithm in [18, 36],
ie, fo=0and n= R%, and, for 1 <t < T,

t—1

(ft<xt7 wj) — Y+ yj)K($taxj)>]7 (23)

1

Ui

t—14
J

Ji= PTOjBR [ft—l -

where Projg, () denotes the projection to a prescribed ball Br = {||f|lx < R: f €
H i} with radius R. In contrast, OPERA does not have this additional projection
step and is implemented in the unconstrained setting.

The sequence {f; : t = 1,2,...,T + 1} is usually referred to as the learning
sequence generated by OPERA. We call the above algorithm OPERA an online
learning algorithm in the sense that it only needs a sequential access to the training
data. Specifically, let z' = {z1,29,...,2} and at each time step ¢t + 1, OPERA
presumes a hypothesis f; € Hx upon which a new data z; is revealed. The quality
of the pairwise function f; is estimated on the local empirical error:

t—

[y

1
20t — 1)

E'(f) = (felwe, ) — o + ;)™ (2.4)

1

J
The next iterate f;11 given by equation (2.2) is exactly obtained by performing a

gradient descent step from the current iterate f; based on the gradient of the local
empirical error, which is given by

N 1 t—1
VE (fly=s, = o] > (filwe 25) = v+ 4) Ky
j=1



Here, VE'(-) denotes the functional gradient of the functional £ in the RKHS M.

Now denote x := sup v/K((x,2'),(z,2')), and throughout the paper we as-
r,xeX

sume that |y| < M almost surely for some M > 0. In addition, we introduce the
notion of -functional [6] in approximation theory as

K(s, fo) = imf {IIf = Follp + sl fllich, 5> 0. (2.5)

We can establish the following general theorem about the convergence of the last
iterate fr,; generated by OPERA.

Theorem 1. Let v, = %t‘e for any t € N with some 0 € (%, 1) and p > K2, and
{fi:t=1,...,T+1} be given by OPERA (2.2). For any 0 < 6 < 1, we have with
probability 1 — 6

1-6

| frr = Folly < K (V6L +1)T 3", £,) + Coe T2 og T log(8T/0),
(2.6)
where Cy .. depends on k, 0 but independent of T' (see its explicit form in the proof).

Recall the well-known result (e.g. [6, 41]) that
Jim (s, f) = mf 1] = foll,-

Then, assuming 6 € (1/2,1) and letting 7" — oo in inequality (2.6), we can prove
the following corollary.

Corollary 1. If v = it_e for any t € N with 6§ € (%,1) and 1 > K%, and

{fi:t=1,...,T+1} be given by OPERA (2.2). Then, || fri1 — f;Hp converges to
infrep, | f — foll, almost surely.

Let us discuss the implication of the above corollary. Recall that a kernel is uni-
versal if its associates RKHS is dense in the space of continuous functions on X' x X

under the uniform norm. Typical examples of universal kernels [20, 32] include the
Gaussian kernel K ((z!, 2?), (2',2?)) = exp(— ”(Il’xQ);@l’iQ)Hz) and the Laplace ker-

nel K ((z', %), (2", 4%)) = exp(—wj;@lﬁ)”). In this case, inf fegy, Hf—prp =0,
which equivalently implies that, as 7" — oo, || fr4+1 — f,l||, = 0 almost surely.

We can derive explicit error rates under some regularity assumptions on the
pairwise regression function. The regularity of f, can be typically measured by the
integral operator Ly : L2(X?) — L2(X?) defined by

Lif = [[ @) Kadpxla)dpta).

Since K is a Mercer kernel, Lg is compact and positive. Therefore, the fractional
power operator Lf( is well-defined for any S > 0. In particular, we know from

12, 14] that L}/*(L3(X?)) = Hy.



Theorem 2. Let {f; : t = 1,...,T + 1} be given by OPERA (2.2). Suppose

28+1 2

f; € Li(Li) with some 3> 0 and choose v, = - B3l with some p > K2
Then, for any 0 < § < 1 we have, with probability 1 — &, that

lt_ min

rs —min( 2.1
Ve = Folly < Co T (F518) log T log(87/6), (2.7)

where Cg,; depends on B,k and p but independent of T' (see the explicit form in
the proof).

The algorithm OPERA depends on selecting an appropriate pairwise kernel for
a given learning task. In the next subsection, we consider a specific class of pairwise
kernels and their associated RKHSs which are induced by a kernel G : X x X — R.

2.1 Examples with specific pairwise kernels

Observe that the pairwise regression function f;(z, 2') = f,(x) — f,(«'), and hence
a natural motivation is to use a pairwise function f(z,2’') = g(z) — g(2’) to ap-
proximate the desired function f,, where g € Hg with G : X x X — R being a
kernel.

Indeed, we can introduce a specific pairwise kernel K such that any function
f € Hy can be represented by as f(x,z') = g(x) — g(z') with g € Hg. Specifically,
given the univariate kernel G, let the pairwise function K : X? x X? — R defined,
for any 2!, 22, 2%, 2% € X, by

K((2',2%),(2',2%) =G24, 2 + G(2% 2%) — G(24, 2?) — G(2% 21) (2.8)

— <Gml - Gz27 G@l - Gf2>G. '
It can be easily verified that K defined by (2.8) is positive semi-definite on X2 x X2,
and thus K is a (pairwise) Mercer kernel on X x X if G is a Mercer kernel on X'. The
following proposition characterizes the relationship between Hy and the original
RKHS Hg.

Proposition 1. Let G : X x X — R be a Mercer kernel and its associated pairwise
kernel be induced by (2.8). Then, the following statements hold true:

(a) Assume the constant function 1y € He and let I = span{ly € Hg} con-
taining all constant functions and Iz = {g € He : (9,1x)g = 0} be the subspace
orthogonal to Ig. Then, the mapping S : It — Hy defined by S(g)(xt,2?) =
g(zt) — g(2?) is a bijection with property |S(9)|lx = |lgllc-

(b) If the constant function 1y & He, then the mapping S : He — Hi defined by
S(g)(xt, 2%) = g(at) — g(x?) is a bijection with property ||S(9)|lx = ||9lla-



Part (b) used the assumption 1y ¢ H¢. Various kernels induce RKHSs satisfy-

ing this assumption. For instance, the homogeneous linear kernel G(z,2') = z "2’

and the Gaussian kernel G(z,2") = exp(—w) [33] are such kernels. However,
in general the assumption in part (b) is not true, and thus only part (a) holds true.

From the above proposition, we can rewrite OPERA (2.2) as g; = go = 0 and,
for2<t<T,

—_

t—

1
-1

(9e(2) = ulws) = 9o+ 93) (G = Ga)|. - (29)

1

9t+1=gt—%[t

J
The learning sequence {f; : t =1,2,...,7 + 1} of OPERA can be recovered by
fe(zh, 2%) = S(g) (2t 22) := go(2") — gi (%), vzl 2? € X. (2.10)

Denote
L) = {£:2 5 Re 51, = ([ 1@)Pdpe())" < o0,

and, by applying Proposition 1, we can see that the K-functional C defined by
(2.5) is reduced to

(s, f,) = { infyer {19(9) = Foll, +sllglle}, if 1x € He (2.11)

mfgeHc{H%(g) - prp + s|lgl|lc}, otherwise.
Equipped with the above notations, we can obtain the following theorem.

Theorem 3. Let v, = :—; foranyt € Nwith0 € (3,1) and {g, : t =1,2,..., T+1}
be given by algorithm (2.9). Then, the following statements hold true.

(a) Let the KC-functional associated with Heg be defined by (2.11). Then, for any
1 < § <1 we have, with probability 1 — ¢, that

I1S5(g7+1) = Follp < Keo(VOr(1+ 1) T~ fp) + Cy e T~ ™nO=35") 1og T log (8T'/6).

(b) Suppose Ly ¢ He and f, € L] G(L2(X)) with some 0 < f < 1/2 and choose
= L St Shhs Then, for any 0 < d < 1 we have, with probability 1 — 9, that

~ ~ _ B
1S(9741) = follo] < CpxT 252 log T'log(8T'/5). (2.12)

The above theorem implies the following result. Suppose that the original
univariate kernel G is a Gaussian kernel in (2.8). Choosing v = :—29 with 6 €
(1/2,1) in (2.9), by a similar argument to the proof for Corollary 1 we can have
IS (grs1) — f;H » — 0 almost surely as 7" — oo. It remains a question to us whether
the assumption 1y € H¢ in part (b) of the above theorem can be removed .

7



3 Related work and Discussions

In this section, we discuss the related work on pairwise learning in the batch setting
and stochastic online learning algorithms in the univariate case.

Firstly, we briefly review existing work on pairwise learning, among which most
of them addressed the batch setting. In [25], the generalization analysis for the gen-
eral formulation (1.2) was conducted using empirical process and U-statistics (see
discussions in Example 3 there). Specifically, the author proved nice generaliza-
tion bounds for the excess risk of such estimators with rates faster than O(1/v/T),
where T is the sample number. In Section 5.2 of [1], the following regularization
formulation was studied for ranking:

. A 2
il s Z o) = alam—m)+ ol G

i<j

where H¢ denotes the RKHS on & with inner product || - ||¢ and v is a ranking
loss function (see Definition 1 there). This formulation can be regarded as a special
formulation of the general framework (1.2) since, by Proposition 1, one can choose
K((x',2%),(2',2%) = (G — G,2,Gi — Gy2) g, and then, for any f € Hp, there
exists a g € H¢ such that f(z;, z;) = g(z;) — g(z;) with property || f|lx = ||g]|¢- In
contrast to the batch setting, there is relatively little work on online algorithms for
pairwise learning. Most recently, in [36] and [18] online to batch conversion bounds
were nicely established for pairwise learning, which shares the same spirit of [9] in
the univariate case. Specifically, Kar et al. [18] proved the following result. !

Theorem A8 Let fi, fo, - ooy fr—1 be an ensemble of hypotheses from the space
H generated by an online learning algorithm with a B-bounded loss function £ :
H x Z x Z — [0, B] that guarantees a regret bound of R, i.e.

T t—1 T t—1
Zt 126 fi—1, 21, 27) <;g7f-[zt 1Z£fzt’z7' )+ Rr. (3.2)
t=2 T=1 t=2 =1

Then, for any 0 < 6 < 1, we have with probability 1 — 9,
T T

1 ER log
ﬁ; o(fi) < inf &(f ZRtléoH A
where, for any [ € H, E(f) = [[5,20(f. 2 2 )dp(z)dp(Z’), and the Rademacher

averages Rr(€ o H) is deﬁned as Ri—1(€ o H) = E[supyey 77 St e t(h, 2, z)]
with the expectation being over ., z, and z,.

!The authors mainly focused on the linear case. However, the results there can be easily
extended to the kernelized case.



For a fair comparison with our results, let the loss function ¢(f, (z,y), (2',y)) =
(f(z,2") —y+y')? and the hypothesis space H be a bounded ball in an RKHS H,
ie. H=Br:={f € Hk :|fllx < R} with some R > 0. In this case, the constant
B in Theorem A is given by B = (2M + kR)?, and ¢(-, z, 2’) is Lipschitz continuous
with constant L = 2M + kR. By standard techniques to estimate the Rademacher
averages [4], we can have R;({oH) < O ( ) with R sufficiently large. Then, using

an argument similar to the Section 5.3 of [37} we know that the online projected
gradient descent algorithm (2.3) enjoys the regret bound Ry < (2M + kR)RVT.
Putting this regret bound with the above estimation for the Rademacher averages
together, from Theorem A we get, with probability 1 — ¢, that

1 T : R2 T 1 R? 2 T
P S — it E() < O(% T, 5+ &+ R\ loa §/(T — 1)
<o(R/=5).
Let fr = 75 ST, fi and then we have £(f;) < ol ST, E(f,). Consequently,

E(fr) —infren E(F) < O(R2\/ log ¥ ) This estimation combined with the fact, for
any £, that £(f) — £(f,) = |f — |12 implies that

L , - T
[Fr=Flls < nf 17 = Gl + OB log(5) /7). (3.3)

The first term on the righthand side of the above inequality is known as ap-
proximation error. Suppose the pairwise regression function f, € L (Lz) with

some 0 < f < 1/2. Then, we know from [14, 29] that inf),.<g[|f — fp||2
R L2 B 157, which implies that [Ty — 2 < O(R 5 L FIE™ +

R 1og(§) /T). Choosing R = T %" implies, with probability 1 — 4, that

[Fr— B2 < O(T(0a VT/5 + L FIIET)). (3.4)

From Theorem 2, for 0 < 5 < 1/2 the last iterate of OPERA has the convergence
rate:

|z = JylI2 < O(T775 (log T1og(87/0))?). (3.5)

Comparing the rates in (3.4) and (3.5), we can see that our rate (3.5) for the
last iterate of OPERA is suboptimal to that of the average of iterates generat-
ed by algorithm (2.3). However, the online projected gradient descent algorithm
(2.3) requires that all iterates are restricted to a prescribed ball with radius R,
which leads to a challenging question on how to tune R appropriately according
to the real-data at hand. In addition, the analysis techniques [18, 36, 37| critically
depend on the bounded-domain assumption and do not directly apply to the un-
constrained setting here. OPERA is performed in the unconstrained setting and

9



hence is parameter-free expect the choice of step sizes. Indeed, theorems in Section
2 show that choosing v, = O(t%) with 1/2 < # < 1 always guarantees that the last
iterate of OPERA converges almost surely without additional assumptions on the
underlying distribution p. It should be mentioned the above comparison assumes
that the number of examples T is fixed and is known in advance. In the general
online learning setting, the number of examples is not known. In this sense, the
above comparison is only for the theoretical purpose.

Secondly, we discuss the related work on (stochastic) online learning algorithms
in the univariate case. There is a large amount work on (stochastic) online learning
algorithms in the univariate case [7, 9, 27, 28, 41, 42] or under a more general name
called stochastic approximation [3, 23, 26]. The main idea is to use a randomized
gradient to replace the gradient of the empirical loss, where the original idea dates
back to the work [26] in the 1950s. Most of approaches in stochastic approximation
assume the hypothesis space is of finite dimensional and the gradient is bounded. In
fact, when the hypothesis space is of finite dimensional, a simple averaging scheme
for stochastic gradient descent [3] can achieve the optimal rate O(7) under the
assumption that the covariance operator [, zx'dpy(z) is invertible. Stochastic
online learning with a least square loss in an infinite-dimensional RKHS has been
pioneered by [28] and the results were established for general loss functions by [42],
in which the objective functions are all strongly convex.

OPERA (2.2) shares a similar idea with the above algorithms in the univariate
case in the sense that, at each iteration, it uses a computationally-cheap gradient
estimator to replace the true gradient. However, the objective function of OPERA
is not strongly convex and the hypothesis space Hy is not bounded. In particular,
OPERA is more close to the online algorithm in [41], where the authors studied
the following stochastic gradient descent in a RKHS H¢:

{ g1=0 and ,\Vte1,2,...,T
ger1 = e — Ve(9:(xe) — Y1) G-

The analysis in [41] heavily depends on the fact that the randomized gradien-
t (ge(xt) — y¢)Gy, 18, conditionally on {z1, 22,...,2-1} , an unbiased estimator
of the true gradient [[,(g:(x) — y)G.dp(z,y). However, the randomized gradient
" Z;;ll(ft(xh 7;) = Yt + Yj) K(z,.,) in OPERA (2.2) is not an unbiased estimator
of the true gradient [[, . fi(z,2") —y + ) K@ ndp(x,y)dp(z’,y), even condi-
tionally on {z1, 29,...,21}. This introduces the main difficulty in analyzing its
convergence. Our new methodology relies on the novel error decomposition pre-
sented in the next section. This enable us to overcome this analysis difficulty by
further employing the characterization of RKHSs using the associated integral op-
erators and probability inequalities for random variables with values in the Hilbert
space of Hilbert-Schmidt operators.

10



4 Error Decomposition and Technical Estimates

This section mainly presents an error decomposition for OPERA which is critical
to prove the main results in Section 2.

To this end, we introduce some necessary notations. For any 1 < j < t, denote
the linear operator

L(act zj) — < K(zt ac])>KK (@¢,xj) HK — HK

by Lz (9) = 9(24, 05) Kz, 0, for any g € H, and let L, = tll Zz;ll Lz, 2, In
addition, define

t—1

1
S(Zt,zj) = (yt - yj)K(It x;) and St t— 1 Z S(Ztyzj)'
j=1

We also define an auxiliary operator Et = / f/tdp(zt), i.e., for any f € Hx
X

t_lszm randp(@).

Similarly, define

t—1

5= [ Soe) = =5 2 [ (o) = K dpato)

(=1

In addition, let

At = (L, — L) fr — (Se = Lk f,), = (L — L) fi — (Si — S).

With these notations, for any ¢t > 2 we can rewrite equality (2.2) as

fee1=fi — Vt(j;t(ft) - S't) = —vlk)fi — ’Yt(f/t — Li)(fi) + ’Ytgt;
and

Jer1 — ]?,o = —nLg)(fi — f:o) — ’yt(?t — Lff)ft + %(St — LKfp) (4.1)
= —%L)(fi = f,) — A" — 713"

For any ¢,j € N denote w!(Ly) = szj(_f — v Lg) for any j <t and we use the
conventional notation, for any ¢ € N, w!_ ;(L;) = I and Z;ZHI v = 0.

Consequently, from the above equality we can derive, for any ¢ > 2, that
ft+l - fp LK fp Z% ]+1 LK A Z"Y] ]+1 LK (42)

11



The above error decomposition is similar to the well-known ones in learning the-
ory in order to perform the error analysis for learning algorithms with univari-
ate loss functions, see e.g. [15, 28, 38, 39]. The term wi(Lk)(f,) is determin-
istic which is usually referred to as approximation error and the other term, i.e.
2222 viwt 1 (L) AT + 2322 ’ij§+l(LK)l§’j, depends on the random samples which
is often called the sample error. Consequently, from the error decomposition (4.2)
we have

e = Folls < IS (L)l + 1 5 20 (L) A,
t A
g vk (L) Bl

In the following subsections we estimate the terms on the right-hand side of in-
equality (4.3).

(4.3)

4.1 Estimation of the sample error

We now turn our attention to estimating the sample error, i.e. the last two terms
on the right-hand side of inequality (4.3). To this end, we first establish some
useful lemmas. The following lemma gives an upper-bound of the learning sequence
{fi : t € N} under the H g norm, which is mainly inspired by a similar estimation in
[19] for bounding the iterates of online gradient descent algorithm in the univariate
case.

Lemma 1. Let the learning sequence {f; : t € N} be given by OPERA (2.2) and
assume, for any t € N, that v,x% < 1. Then we have

Ifillc <2M > v, VEEN (4.4)

Proof. For t =1 or t = 2, by definition f; = fo = 0 which certainly satisfy (4.4).
It suffices to prove the case of t > 2 by induction. Recalling equality (2.2), we have

t—1
[ fenllie = I1fll% — fiiz fe(@e, @) =y + y;) fi(@e, 7))
t—1 =
+e 1)2 > Uelwexg) = g+ y) elwe, 230) = ye + yp) K (2, 25), (20, 257))
J'=1 .
< Al + 325 Do (el ) = g+ )
t—1 7
— 2 (fulw,wy) = v+ y5) filwr, ).
=1
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Define a univariate function F; by Fj(s) = k®y(s —ye +y;)* — 2(s —ys + y;)s. It is

easy to see that sup,cp Fj(s) = (gt H%)Q (2M)? since k% < 1 and |y;|+|y:| < 2M.

Therefore, from the above estimation we can get, for t > 2, that

t—1

ferlfe < fellf + 245 Y sup F(s) < |l follie + (20M)%,

j=1 7

Combining the above inequality with the induction assumption that ||fi||x <

2M ”Zé 12% implies the desired result. This completes the proof of the lem-
ma. ]

Denote the operator norm ||w§(LK)L€(||£(Lg) = Sup| s, <1 ||w§(LK)L§((f)||p. The
following technical lemma estimates the operator norm, which is simply implied in
the proof of Lemma 3 in [41].

Lemma 2. Let B > 0 and vox* < 1 for any integer { € [j,t]. Then there holds
t B\s
(L) Liclleuz) < ((5)" + ) min Zw -

The estimation of the sample error also relies on an important characterization

of Hyx by the fractional operator L}(/Q (see Theorem 4 and Remark 3 in [12]).
Specifically, for any f € Hg there exists g € L2(X?) such that L%QQ = f with
property ||f||x = HL1/2g||K = ||g||,- With this characterization of H, it is easy to
see, for any j < t and f € Hg, that

12 1/2
Jeir L)l = W (Ea) Lially < I () i leaplolly ()
=l (L) Ll ecun) [ £ 11
We also need the following probabilistic inequalities in a Hilbert space. The
first one is the Bennett’s inequality for random variables in Hilbert spaces, which
can be easily derived from [28, Theorem B 4].

Lemma 3. Let {§ : i =1,2,...,t} be independent random variables in a Hilbert
space H with norm ||-||. Suppose that almost surely ||| < B and E||&;||*> < 02 < oo.
Then, for any 0 < § < 1, the following holds with probability at least 1 — 9,

2 2

§2Bltog§+0' 10?3

By
=1

The second probabilistic inequality is the Pinelis-Bernstein inequality [34, Propo-
sition A.3] for martingale difference sequence in a Hilbert space, which is derived
from [24, Theorem 3.4].

13



Lemma 4. Let {Sy : k € N} be a martingale difference sequence in a Hilbert space.
Suppose that almost surely ||Sy|| < B and 3 ¢, E[||Sk|?|S1, - - -, Sk_1] < 0?. Then,
for any 0 < § < 1, the following holds with probability at least 1 — 6,

<2 B+ 1 2
= 3 Ot Ogé-

We also need some facts on Hilbert-Schmidt operators on Hg, see [15, 29].
Specifically, let HS(H ) be the Hilbert space of Hilbert-Schmidt operators on H g
with inner product (A, B)ys = Tr(BT A) for any A, B € HS(Hx). Here Tr denotes
the trace of a linear operator. Indeed, the space HS(Hf) is a subspace of the space
of bounded linear operators on M, which is usually denoted by (L(H k), ||| z(nx))
with the property, for any A € HS(Hg), that

J
Sk

k=1

sup
1<5<t

1Al 2y < Nl Allzs- (4.6)

With the above preparations, we are ready to estimate the sample error for al-
gorithm (2.2) which, according to the error decomposition (4.3), consists of terms
13 w1 (L) AT, and || 320, ety (L) B, Let us start with the estima-

tion of || 23:2 ’YjW;‘H(LK)Aj”p-
Theorem 4. Assume k2 < 1 for any t € N and let {f; : t € N} be given by
equation (2.2). For anyt > 2 and 0 < 0 < 1, with probability 1 — § there holds

4t

! . 1/2
I Z%‘W;H(LK)AJHp < [12,{“ + /{)QMlog f] ’7](1 + (Zz 2 ’Ye) 132.
=2 = V(1 + ZZ:J’—H )

t

Proof. Write

Z'V] ]+1 LK Z'V] ]+1 LK "41 +Z’YJ Wit1 LK)'AQ’
Jj=2 j=2
where A7 = (L, — Lg) f; and A} = —(S, LKfp) Hence,

t t
1D b (L) A, < 1D viwhin (Lr) Al
J=2 =2 | (4.7)
HID i (Li) Ab -
=2

14



For the first term on the right-hand side of equation (4.7), we have

| Z% w1 (Lk -Al”p Z%H%H LK)-A1||p
7j=3

7j=3
t

1/2 9
< yllwt oy (L) L ey 1Ak

e (4.8)
1/2 T
< yllwt o (L) Ll ez 15 = Lclleouoll fillx
Jj=3
t
1/2 =
<yl (L)L ey 1L — Licllas| £l
j=3

where the second inequality used (4.5) and the last inequality used (4.6).

Let the vector-valued random variable &(x) = [, (: K(x ) kK@ »dpx(2'). By
following the proof of Lemma 2 in [15], we have that ||< @) KK (o) ||lms < K2
Hence, [|€]las < [ 11 Ko w)) k K@ o) | msdpx (2) < k2. Applying Lemma 3 with
B =0 =r?and H = HS(Hg), we have, with probability 1 — %, that

Iy = Liclus = |74 D &) = E(€)]| 5

= (4.9)
2k2log & 9 [log 2t 372k log 2
S — -+ < s
Applying Lemma 2 with § = 1/2 implics, for any 2 < j <1, that
1/2 13\1/2 . ¢ -1/2
ol (L) L Nlezy < ((55) 7 + ) mln{l, ( Z ’YZ) }

< VA1 R) /(14 )

where we used the conventional notation —i11 e = 0. Putting estimations (4.9),
(4.10) and inequality (4.4) in Lemma 1 back into (4.8), with probability 1 — 4 there
holds

i t 17 [ 2 Qt}i 7 ( f% )2
IS st (L) Al < [1263(1 -+ 1) M log 2 =100 ()
: /2
=3 0 S Vil+ > mji1 )
t -
For the term || Zij;-+1(LK).A§||p, we observe from (4.5) again that
=2
t t
Ny s .
I v L) Al <> vlletsn (L) Lo 145
=2 72 (4.12)
1/2 s =
< Dl L) L ey 1155 = Lic ol
=2

15



Let the vector-valued random Varlable £(2) = [L(fo(2) — ) K@ odpx (') € Hg.
Observe that [|£]|x < [, [fo(2') — Y|l K 2) ||de;(( ) § 2kM. Applying Lemma 3
with B =0 =2kM and H = HK, we have, with probability 1 — %, that

j—1
19 = LicFollc = 1745 D &(20) —E()lIx

/=1
4kM log 2t log 2t
S 26 M [
2t
6\/§/€M‘10g 5
Vi

Putting the above estimation and inequality (4.10) into (4.12) implies, with prob-
ability 1 — ¢, that

IN

<

t

t
y o Vi
1D v (L) All, < [126(1+ k) Mlog =] ] . (4.13)
/2
=2 Jj=2 \/_( +Ze =j+1 7 f)

Combining inequalities (4.11) and (4.13), we have, with probability 1 — §, that
t i
4t] Z %1+ (2510
12
Jj=2 \/_(1+Ze —j+1 7 ﬁ)

This completes the proof of the theorem. [

t
1Y vl (L) A, < [126(1 + K)*M log
71=2

We move on to the estimation of the term || Z;ZQ ijﬁ-H(LK)Bij.

Theorem 5. Assume vk* < 1 for any t € N and let {f; : t € N} be given by
equation (2.2). For anyt > 2 and 0 < 0 < 1, with probability 1 — § there holds

3 t 2 Jj—1 1

A 64 2 V(L + Do )\ 2

I3 et (LB, < = (50 + 1)*Mog £) (3 )"
; W5 P="T3 5 ; 1+22:j+1w

Proof. Notice, from the recursive equality (2.2), that f; only depends on samples
{#1,...,2zj_1} and fi = fo = 0. Therefore, for any j > 2, there holds

E(B|z,...,2-1) =0, (4.14)

which means that {; := ij;f-H(LK)[;’j :j=2,...,t} is a martingale difference se-
quence. In the following, we will apply Lemma 4 to estimate || 22:2 Viwh (Lg)B,-
To this end, it remains to estimate B and o?.

Recall that B = (L; — L;) f; — (S; — S;). By (4.6) and Lemma 1, we have

Bl < I1Ls = Lill e | fill + 1155 = Sillx

< ||y = Lillusll £l + 1195 = Silx
Jj— 1

< 202|| fl| i + 26 M < 4K2M ( ZW + 2K M.
=2

16



Consequently,

1/2 37
et sy (L) Ll ey 1B e

<
< VAR (297 ) 4 26)

t

(1+ Z V) 2 (4.15)

(=j+1
- 1
< 8k(1+ /-c)2M<—HZ£21 & )2.

t
1+Ze:j+1 e

e r (L) B

where the second inequality used Lemma (4.10). From the above estimation, we
have

t
SRRl (La0By 221,20

=2
L1+,

< o0?:= 64k (1 + k)1 M? Z % tZe:z W),

P Doi—ji1 Ve

and

N 2045000\ 7
B = SuP2§j§t ”yjHuJ;Jrl(LK)B]Hp < 8/43(1 + /£)2M<SUP2§j§t Vi+zz =2 )

< 8k(11 m)2M<zt: V(1+ 37, W))%

t
j=2 1 + Z£:j+1 e

—=j+1 72

Applying Lemma 4 yields that, with probability 1 — 4,

t t 2 j—1 1

3 04 2 V(L4300 ve)\ 2

1) vwia (Li)B N, < — (k(1+ K)*Mlog 5) ( TN :
jz; J 3 ) ]z; 1+ ZZ:j-H Y

This completes the proof of the theorem. n

4.2 Estimates of the approximation error

Here, we establish some basic estimates for the deterministic approximation error
involving ||w4(Lk)f,ll,- To this end, we recall the notion of K-functional [6] in
approximation theory, namely

Kl dy) = inf {1f = follo+ sl lich 5> 0. (116)

We can estimate the quantity ||wh(L K)f;,Hp as follows.

Lemma 5. Assume yx% < 1 for each t € N. Then the following statements hold
true.

17



(a) Let the K-functional defined by (2.5). Then, we have

HWQ(LK)prp < IC 14"‘1 Z’Y] 57 Np . (4.17)

(b) [f]?;) € Lf((ﬁix) with some B > 0 then

b (L) Fol < 2((@)/3 + m”) ||L;ff;||p(i )" (4.18)

Proof. Part (a) is proved as follows. For any f € Hg, from (4.5) we have

(L) folls < I1f = fp\|p+\|w2(LK)pr
= 1 = Fllo + (L) Ll )|l f 1%

Applying Lemma 2 with § = 3,j = 2, implies that Hwé(LK)Lf(Hg(L%) < V2(1 +
t

(4.19)

1
k) ( Z 7;) *. Then, substituting this into the right-hand side of (4.19) yields that

(L Flly < jn {1f = T+ V2L +R) (3 2) Al (4.20)
j=2

Part (b) can be directly proved by applying Lemma 2 and the following obser-
vation

(L) follp < Neoh(Lic) LNz 1L Foll-

5 Proof of Main Results

In this section, we prove the results presented in Section 2. Let us start with the
proofs for Theorems 1 and 2. To this end, we need some technical lemmas.

Lemma 6. Let v; = ]%9 for any j € N with 6 € (3,1) and p > 0. Then we have,
for any t > 4, that

t

7](1 _'_ Zé—; ’Yé) C t_ rmn
1/2 =
j= 2\/—(1+Ze —j+1 7 )

%’T) logt7 (51)

where

26max(\/u(1—9))*1,\/u(l—G))

o (=002 \/% if 0 #2/3
-

20 max u(1—0))~1, ul@ .
(vl 0 Vi o f8=2/3.
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Lemma 7. Let v; = ]; for any j € N with 0 € (0,1). Then we have, for any
t >4, that

<Zt: V14 (X125 7%)%)

1/2 ~ . _
) o Cot~™n0=33%) Jog ¢, (5.2)
: 1+>7_ -

5 16max((u(1—9))1,#(1—9)))1/2 )
¥ B F =) . if0£2/3
where Cy = (8“ u2(1-0)|360—-2]

16 max((u(1-9)) 1, u(1-0 1/2 .
(%Jr <<u£2(13>9) ( ))) . ife=2/3.

The proofs for Lemma 6 and Lemma 7 are given in the Appendix. With the
above lemmas, we are ready to establish the main results stated in Section 2.

Proof of Theorem 1. Applying (4.3) with ¢t = T", we have
[ fr = folls < ||w2TT(LK)(fp)||p + ”;37';2 Ywhi (L) A, (5.3)
I 25— Wi (L) B
By Theorem 4 and (5.1), with probability 1 — d, there holds
%1+ 3205 )

: 1/2
j=2 \/gglg"‘ ZE:J-H W)
< 12Cy k(1 + K)*M T~ ™0=2.3 ) Jog T log 4L

T

130wl (L) AT, < 126(1 + £)2M log 7

(5.4)
From Theorem 5 and (5.2) we have, with probability 1 — J, that
T T 3 64 2 T 20T 0| V2
| ijz 'ijj+1(LK)BJ||p < ?’{(1 + k) M(ijz Tjjjﬂ) (5.5)

< @ka(l + k)2M T~ min(0—3,45%) log T'log %.

Putting estimates (5.3), (5.4), and (5.5), with probability 1 — 20 there holds

rs rl —min(§—3,15¢ AT
[fre1 = follp < ||W5(LK)(fp)”p + Cop T (=25 log T log 5 (5.6)
where Cy,, = 4(3Cy + %59)/4(1 + k)2 M.
In addition, by (4.17), we have
~ T 1 ~
w3 (L) (F)lp < K(V2(+ ) (D)7 fo)-
j=2
i T — T - (T+1)'——21-¢ _ (-3 )(T+)'° 1-0
Notice that ij? Vi = /%Zj:QJ 0 > 1(1-0) > 2 1(1—0) > 35(1,9) >
1-6
TR Consequently,
~ 10 ~
lws (L) (Fo)lp < K(v/6p(1L + £)T™2, ). (5.7)
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Putting this back into (5.6) implies the desired result. This completes the proof of
the theorem. U

Proof of Corollary 1. By the definition of the almost surely convergence, it
suffices to prove, for any € > 0, that

lim P(sup[HftH - prp — 1nf Ilf — pr ] >2¢) =0.

to—00

However, it is well-known that limg_, o (s, f;) =infreq, || f— f;Hp (see e.g. Lem-
ma 9 in [41]). This means that there exists t; € N such that, for any ¢ > ¢;, there
holds ~
K(Vor(1+w)t™ 7, f,) — if |[f—fll, <e.
ferk

Let Ry = || fra1 — ﬁHp — K(\/éli(l + m)t_%, f;,) The above estimation implies, for
any to > t1, that

P(supl|| frr — foll, — inf |If = fll,] > 2¢)
t>t0 feHk

<PsupR 2 ) < S B(R > ). 53

t=to t=to

From Theorem 1, we have, for any 1 — 9, that
P(Rt > Cypt” min(0—3,%5%) logtlog(4t/§))
which is equivalent to

tmin(@—é,lge)g)

P(”Rt > 6) < 4texp(— C oot
6,k 10

Putting this back into (5.8) implies that

tmm(@—l IT

)e
Co,logt ) (5-9)

B(supl|l s — Follo — inf [1f = Fllo] > 2) Z4texp(

t=to t=to

For any 1/2 < 6 < 1 and ¢ > 0, it is easy to see that

o0 A min(ef%,%)g
t — <
ol ) <

Consequently,

Combining this with (5.9) implies, for any ¢ > 0, that

. _~ o . _N > —_ )
Jim P(supl| foar = follo = iof 1 = fylle] > 26) =0
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This completes the proof of the corollary. O

From Theorem 1 and the estimation (4.18) for the approximation error, we can
derive the explicit error rates for OPERA stated in Theorem 2.

Proof of Theorem 2. Applying (4.18) with § > 0 and (6.1) with 7, = %/_e,
7 =2and k=T, we have that

o (L) Loz < ((2)7 + 12) @25—2 W) < () w2 (S, 2e)
()5+—n”)n”uﬂ(zxzzfﬂ)‘

< ((8) + )1 - ) (T 1)
BY 4 w20 k2P (u(1 — B)P(1 — (3)'9) ]800 = D, sT-F0-0)

A ol o™

<
< (
< [(

Putting this estimation into Theorem 1 yields, with probability 1 — 4, that
| frr = Follp < DT P00 4 Gy, =035 10g T log(8T/4)).  (5.10)
Selecting 6 = min{gg—ié, %} implies, for probability 1 — ¢, that

/:f

) log T'1og(87/9).

m\w

I fra = Fllo < (D + Co 7 (55
This completes the proof of the theorem. O

We now turn our attention to the special pairwise kernel (2.8) induced by a
univariate kernel G. Let us first prove Proposition 1 which describes the relation-

ship between the space Hg with the pairwise kernel K and Hg with the univariate
kernel G.

Proof of Proposition 1. To prove (a), for any n € N, {o; : ¢ = 1,...,n} and
{(z},27) e X x X vi=1,...,n}, let g =371 ;(Gp1 — Gy2) € He. Indeed, it can
be further be verified that g € I since (g, lx)e = i, a;(Gy1 — Gp2), 1x)g =
Yo ai(lx(zy) — La(23)) = 0. Then, for any 2!, 2% € X,

Doy i (g1 g2 (2 2?) =300 1041(095;(961) Goa(a")) = o) i G (2°) — Gz (2?))
= g(x') — g(?),

From the observation that K ((z!, z?), (2!, 2?)) = (Gp1 — Gu2, Gsn — Gy2) ¢, we also
see that

Sl = 1Y Kol =1 (G — Ge2)lle = llglle-
=1 =1

According to [2], the RKHS ‘H x is the completion of the above linear span of kernel
sections {K ;1 .2) : cxl,x? € X,i=1,...,n} and likewise, H¢ is the completion of

[

the linear span of kernel sections {{G,i, G2} @ 2j, 2] € X,i = 1,...,n} which
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implies that, for any f € Hy, there exists g € Zg such that f(z!, 2?) = g(a!) —
g(2?), and || f]|x = ||lg|lg- Tt remains to prove that I(g) = 0 then g € Zg. Indeed,

[

S(g)(zt, 2%) = 0 implies that g(z') = g(2?) for any x',2? € X. This means that
g is a constant function which means g € Zg. This completes part (a) of the
proposition.

Part (b) follows from part (a) since, in this case, Zg = {0} which implies
He = Z5. This completes the proof of the proposition. Il

Secondly, for the special pairwise kernel given by (2.8), we can establish the
convergence of online pairwise learning algorithm (2.9) as stated in Theorem 3.

Proof of Theorem 3: Part (a) directly follows from Theorem 1, Proposition 1
and the definition of Kg given by (2.11).

For part (b), under the assumption 1y ¢ H¢, from Proposition 1 we have

Ka(s, fp) < 2infgenc{llo = foll, + 5lglle}

' - 1/2 (5.11)
< 2V2(ingens {lg — LI+ 1923

According to [12, 15], infgene {|lg — foll2+ Ml gllZ} < AP Lg  fo, for any 8 < 1/2.
Now applying this estimation and (5.11) with A = % and s = Z;ZQ 7; implies that

Ke(Vor(1+ k)T~ 2", f,) < O(T~1-98),

i
Putting this into (2.6) and choosing v; = %t_gﬂ% yields the desired result. This
completes the proof of the theorem. O

6 Conclusion

This paper studied an online learning algorithm for pairwise learning in an uncon-
strained RKHS setting called OPERA. OPERA has a non-strongly convex objective
function and is performed in an unconstrained setting, for which we are not aware
of similar studies for such online pairwise learning algorithms. We established its
almost-surely convergence and derived explicit error rates for polynomially decay-
ing step sizes. Below we discuss some possible directions for future work.

Firstly, the rates of NOPERA undel; the regularity assumption f;, € L%(LZ) are
of the form E[|| fr41 — f,l|,] < O(T2+2), which is suboptimal compared with the

rate (’)(T_%) in the univariate case [41]. It would be very interesting to improve
the rates of OPERA.

Secondly, OPERA is not a fully online learning algorithm since it needs to save
previous samples z' = {(x;,y;) : 4 =1,...,t} at iteration ¢, although, in the linear
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case, efficient implementation may be possible. Hence, to improve the practical
implementation of OPERA, the other direction would be to introduce a memory-
efficient implementation which uses a finite buffer of capacity as in [18, 37]. In
this case, OPERA would work with finite buffers associated with the local loss
L(f) = ﬁ Y wwyen, ([ (T, @) =y + y)? at each iteration, where B is the state
of the buffer at iteration t. We expect that the resultant convergence rate of this
modified OPERA would be related to the capacity of the buffer set and the total
number of training samples.

Finally, note that the techniques developed in this paper heavily depend on the
error decomposition (i.e. equations (4.2) and (4.3)). It seems that they can not
be directly applied to handle other popular loss functions such as the hinge loss
and the logistic loss. We recently have developed completely different techniques
in [43]. This enables us to prove the convergence of the last iterate of an online
pairwise learning algorithm similar to OPERA with the least square being replaced
by a smooth loss function (e.g. the logistic loss).
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Appendix

Here we present the proofs for Lemmas 6 and Lemma 7. To this end, we first state
a technical lemma which will be used later.
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Lemma 8. Let v; = 7; for any j € N with 6 € (0,1). Then, for any 1 < j <k,
there holds

1

P (k+1)" =% < ZZ:;% <—— (K- (G- (6.1)

1
n(l—0)

Proof. Notice that (¢ < s7% for s € [( —1,/] and (7% > s7% for s € [¢, ¢ + 1].

+1 k 1 k Y
Hence, ;%ZLJ/ s%ds < Zw < — Z/ s~ %ds which implies that
¢ = H =5 /-1

I

1 k+1 k 1 k
—/ s%ds < ZW < —/ s %ds.
j i— K Jj-1

The desired result follows directly from the above inequality. O
We are ready to establish the proof of Lemma 6.

) j—1 /
Proof of Lemma 6. Let J := Z;ZQ 05t Gy 70)° ?2 It can be written as
\ﬁ(1+22:j+1 W)

—370)?) -1 (+(ZIs 702
j — ’Yt(1+(24,2 ) + Y2 + z — J =2
[ Vi ] [\/5(1+22—3’Yl) 1/2} [ =3 \ﬁ(1+(23:j+1 76)1/2)1/2]
=h+T+Ts.
(6.2)
We estimate 71, Jo, and J3 separately as follows.
Firstly, let us look at the term ;. Indeed, by (6.1) we have
_14-6-1/2 1Nt p—6n1)2 11-6-1/2 2

36

< 2max(1, (v/ (1 —0)) "t =.
Secondly, for the term Ja, we apply (6.1) again to get that

T < 9—0-1/2 v/ 1(1-0)

H ((t+1)179_3179

- /2, (1— 1/2, _1_
e < (i) 000 < (50

(6.4)
where the second to last inequality used the assumption ¢ > 4 which implies 3'=¢ <
(%(t + 1))=Y, and the last inequality used the property that, for any 0 < 6 < 1
and 0 < z < 1, that (1 — )% > (1 —0)(1 — z).

Lastly, we estimate the term J3. To this end, by (6.1) we can estimate J3 as
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follows:

T <L Zt—l i’ (1+\/ﬁ((j—1)1*9—1)1/2)
3 S j=3 - ————
Vi (14 sy (1) 0= (G411

30

< Zmax(1, (v/p(1 = 0)) ") X — 7 (6.5)
H Jj=3 (1+ﬁ((t+1)170_(j+13);,9))1 2
< 2 max 1-0))1, 1—-6 iz
< fax(VHT=0) VR =) T ot
_30
It remains to estimate Z;;g 72 5. Lo this end, we further de-
(1+(Er11=0=G+1)1-9))
compose it into two terms as
t—1 I ]—%
2j=3 TR e (ZM/? 2o TR G T
= »731 + .732

(6.6)
For J31, for any s € [j,7 + 1], that 579 <2°(1 +s) % and (¢t + )10 — (j +1)7 >
(t+ 1) — (s +1)'7% Then,

0

~ _8 -1
Jn <233 Zy>t/2( ((tﬂ—l)“g—(ﬁrl)1*9))1/2

1 —
< 92§ g It (1+s)7Y%s
i>t/2 D L+ D) — (s 1)1-0)1/2

< 02—t / (1+5)"ds (6.7)
- g2 (L4 (t+1)170 — (s 4 1)170)1/2

1436/2 ,_ 0 _ _p11/2
< et T (/21
<SSttt 1) < Pt

For Jsp, the fact that (¢ + 1)20 — (j + 1)¢ > (1 — (2/3)9)(¢t + 1)'? for any
j < t/2 implies that

Tao < —
PSR- 2/310

Z ]—39/2_ Z ]—30/2 (6.8)

3<j<t/2 3<j<t/2

Notice that

o lnt if 0=2/3

Putting the above inequality into (6.8) yields that

Tz < Agt™ ™= 25 In¢, (6.9)
where Ay = (

m if @ # 2/3 and =; otherwise. Combining (6.7) and (6.9),
(6.5), and (6.6) together implies that

=)

Tz < Byt~ ™n0-3.5) | ¢, (6.10)
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where

dmax(y/p(1-0)) )\/“19 (2\/_+|39 2|) if 6 #2/3

By = s p(l \/" W
2(3+4v2) max(y/ p(1-0))~ w(1-0)) .
0 if 0 =2/3.
Now putting estimates (6.3), (6.4), and (6.10) together yields the desired result.
This completes the proof of the lemma. O

We now turn our attention to the proof for Lemma 7.

Proof of Lemma 7. Let Z = Z] 2 % We can write Z as
l=j5+1

~ =1 34555 70)
v [ ( + Ze 27@)} [(1+Z§;§W)} + [Zj=3 430 e ] (6.11)
= Il + IQ + Ig,

where we used the conventional notation Zi: ;11 7Ye =0 tor any j € N. We estimate
71,75, and Z3 term by term as follows.

Firstly, let us first estimate Z;. By (6. 1) we can have that

I <t + gap(t-1""=1)
< 2max( (M(l )~ 1)t1 30

(6.12)

Secondly, we move on to the estimation of term Z,. By (6.1), we obtain that

1 1
IQ S 4“ 1+ -+ 0)((t+1)1 0_ 31—6)
T e < 5 y-1-0) (6.13)
- 4#(1*(5) -

where, in the second to last inequality, we used the assumption ¢ > 4 which implies
3170 < (2(t+1))"?, and the last inequality used the fact, for any 0 < 6 < 1 and
0<az<1,that (1—2) > (1-0)(1—2x).

Finally, we turn our attention to the estimation of Z3. Applying (6.1) again to
75 implies that

BT il (R E—— Y1=0_1)
7. B Ut ( )
3 = w2 Z] =3 1+u(1 o ((t+1)1 0 (j+1)1- 9)
< 2 Z j gmax(l, = 0>) j1—0
a H(l 7 ((t+1)1 0—(j+1)t 9) (6.14)
< 2max(1,(pu(1—-6)~ ))max( u(1-0)) Zt 1 4130
> 2 j=3 1+((t+1)1*9—(j+1)1*9)
< 2 max(u(1-6),(u(1-0)~1)) t'fl 4130 ‘
= HQ 2]23 1+((t+1)1_97(]+1)1_0)
It now suffices to estimate the term Z3 := zt.:)) A . which can be
=8 14 ()10 (1)1 0)
written as t .
1y = ‘ ‘ J-
3 (Zg>t/2 + Zggjgt/Q) - ((t+1)179_(j+1)1—0) (6.15)

= Ty + L.
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For the first term Zs;, observe, for any s € [j,j + 1], that ;= < 20(1 + s)~? and
t+D)"0 -G+ > (t+ 1) — (s + 1)'7Y. Therefore,
:’Z_ — t'71 j1—30
31 ZPt/Z 1+((t+1)1*9—(j+1)170)
gt (s+1)7°
< 92614126 ds
Y A (Y= ey

¢ —0
§226—1t1—26/ (51+91) —_ds
20—1,1—20 t/21+((t+1)7_<8+1)7)

920—14

=2 L —[In(1+ (t+ 1) = (/2)"7) = In(1 + ((¢ + 1) = t79))]

< 2T n(t 4 1)1 < 22071 In(¢ 4 1) < 46 Int.
(6.16)
For 735, we have
_ Z 130
Iy = = : =
sy 1T ((E+ 170 = (1))
Z j1—39
<
= _ 1-0 1-0 (6.17)
N 14+ (1—(2/3) )(t + 1)
(1—0) 9
S 1 t(2/3 1— 9 Z .]
3<j<t/2 3<]<t/2

where we used again the fact, for any 0 < § < 1 and 0 < x < 1, that (1 — z)17% >
(1 —0)(1 —x). Also, by a simple calculation, there holds

Z - w [ 7 39|t—m1n(030 2, if 0 #2/3
Int, if 6 =2/3.

3<j<t/2
Putting the above estimation into (6.17) yields that
Ty < Ag t~min20-1L1-0) 1y 4. (6.18)

where Ay = m if & # 2/3 and 5 otherwise. Putting (6.16) and (6.18) back
into (6.14) implies that

Ty < By t~min@0-11=0) 1 ¢ (6.19)

where By = m +4if 0 # 2/3 and 25 + 4 otherwise. Combining estimates

(6.12), (6.13), and (6.19) together yields the desired result. This completes the
proof of the lemma. O
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